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> Let X ~ RV(a), R = ||X|
» For any {r,} 1 oo,

, © = X/|[X]|
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n

» Goal: Given iid data X1, Xz ..., to find r such that when R > r,
R1®©

approximately.

(1)
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Distance Covariance: a Measure of Dependence
» Random variables X € R and Y € RY,
XLY <— fx’y = f}(fy

» Distance covariance (Székely et al., 2007)

VX, Y) = / (s, £) — i (s) Ry () - w(s, t)dsdt,

where
w(s, t) = L
Cpcq‘t|z>+p|5|27+q
> If E|X|+ E|Y]| < oo, then
VI(X,Y) < .
» Distance correlation:
V3(X,Y)

X Y) = SV X)VA(Y, Y



Distance Covariance: a Measure of Dependence

> Given {(X«, Yk),k =1,...,n}, define
1< 1< 1O
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Distance Covariance: a Measure of Dependence
> Given {(X«, Yk),k =1,...,n}, define
I I -1 ¢
aw = | Xk = Xilp, 3. = . gak/, 3, = = ;ak/, 3. = = él E
Ax = aw — ak. — a. + a.
Define By similarly with by = |Yk — Yi|q's.

» Empirical distance covariance

VAX,Y) = Z AwBu

> If E|X|+ E|Y]| < oo, then

VI(X,Y) :/\fx,y(s, t) — Fx(s)fy (1)

- w(s, t)dsdt,
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Distance Covariance: a Measure of Dependence
> If E|X|+ E|Y| < oo, then

VX, Y) B3 VX, Y)

» Additionally, if X and Y are independent, then
nVi(X,Y) % / I¢(s, t)]? - w(s, t)dsdt,

where ( is a zero-mean Gaussian process.

» Can be used as a test for independence.
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Figure : (X1, X2) ~ Bivariate Logistic with parameter 8 = 0.7,n = 1000
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Figure : (X1, X2) ~ Bivariate Logistic with parameter 8 = 0.7,n = 1000
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Figure : (X1, X2) ~ Bivariate Logistic with parameter 8 = 0.7,n = 1000
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Figure : (X1, X2) ~ Bivariate Logistic with parameter 8 = 0.7,n = 1000



Threshold Selection

> Let (i1,...,ik ) be the indices of the data points with R > r

> Test independence between (R;,...,R; ) and (©,...,0; ) using
distance correlation

> Choose r when the independence become significant
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Figure : (X1, X2) ~ Bivariate Logistic with parameter 8 = 0.7,n = 1000
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Figure : Distance correlation and p-value of test of independence of R and © vs.
truncation level for (X1, X2) ~ Bivariate Logistic with parameter § = 0.7,n = 1000



P-value Path

» A set of truncation levels g1,..., g«
» P-value of test of independence of (R, ©) at each truncation level
PL, - Pk

» How can we identify/approximate the independence threshold?
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Figure : (X1, X2) ~ Bivariate Logistic with parameter § = 0.7,n = 1000



P-value Path

Change point detection

» Look at the before and after mean ratio at each level i:
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P-value Path

Change point detection

» Look at the before and after mean ratio at each level i:
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P-value Path

Change point detection

» Look at the before and after mean ratio at each level /:
1

T 2uj=1Pi
1T~k _
k—i Zj:i+1 Pj

> Select the level when the ratio starts increasing significantly
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P-value Path

Piecewise linear spline fitting

» Fit a sloped step function to the p-value path

p-value, test of dist. cor.
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P-value Path

Piecewise linear spline fitting

» Fit a sloped step function to the p-value path

p-value, test of dist. cor.
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Stock Price Return Data

s °
[re) °
| °
o o ° °
S H ° ° o
- o °
< ° o
2 o | o 0% 0 °
=
(6] °
7 0%o °
o 4
°
o~ °
—

50 200 500
JP Morgan

Figure : Rank-transformed weekly stock price return from JP Morgan vs. Citibank



Stock Price Return Data
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Figure : Distance correlation vs. truncation level of polar coordinates of the stock
return data



Stock Price Return Data
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Figure : P-value of independence test vs. truncation level of the stock return data



Stock Price Return Data
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Figure : P-value of independence test vs. truncation level of the stock return data



Stock Price Return Data
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Figure : Radial vs. Angula measure after Ly-norm polar coordinate transformation
with conservative threshold estimate



Stock Price Return Data
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Figure : Radial vs. Angula measure after Ly-norm polar coordinate transformation
with a more generous estimate



Theoretical Results

Proposition 1

Let {(Xin, Yin)}1,....7, € R x R?, n — oo, such that
(Xiinn) L’S PX,,,Y,,7
where T, ~ B(n, pn), and
Px,.v, = Px.v-

Assume that
E|Xn| < Mx < 0o, E|Y,| < My < oo,

and
np, — oo.

Denote X, = (Xin, .-, X70), Yo = (Y1n, ..., YT,5). Then

Va(Xn, Yn) 5 V(X, Y).



Theoretical Results
Proposition 2

In addition, if X and Y are independent. And <some other conditions here>.

Then
d
n- Vn(xnyYn) — HC(sv t)H27

where ((s, t) is a zero-mean Gaussian process.



Theoretical Results

Proposition 2

In addition, if X and Y are independent. And <some other conditions here>.

Then
d
n- Vn(xnyYn) — HC(sv t)H27

where ((s, t) is a zero-mean Gaussian process.

> A possible condition is

Vno (X, —X) 3 0
vn-(Ya—Y) B o0

» Second-order regular variation?



