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There is a need for non-traditional models for multivariate data.
Working in dimension d > 2 requires new tools.

@ grids and meshes on non-rectangular shapes
@ numerical integration over surfaces

@ simulate from a shape
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There is a need for non-traditional models for multivariate data.
Working in dimension d > 2 requires new tools.

@ grids and meshes on non-rectangular shapes
@ numerical integration over surfaces

@ simulate from a shape

R software packages
e mvmesh - MultiVariate Meshes (CRAN)
o SphericalCubature (CRAN)
e Simplicial Cubature (CRAN)
@ gensphere (manuscript submitted)

e mvevd - MultiVariate Extreme Value Distributions (in progress)
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mvmesh

Functions to generate meshes on standard shapes in d dimensions and to
work with more complicated shapes
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© Generalized spherical distributions
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Distributions with level sets that are all scaled versions of a star shaped

region.

Flexible scheme for building up nonstandard star shaped contours
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A tessellation based on the added ‘bumps’ is automatically generated and
used in simulating from the contour. Process requires the
arclength /surface area of the contour.
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Add a radial component to get a distribution: X = RZ, where Z is uniform
w.r.t. (d — 1)-dimensional surface area on contour. Here R ~ T(2,1)

Sample of X = RZ density surface
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Many contour shapes possible
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Choice of R determines radial behavior

(a) R ~Uniform(0,1) (b) R~T(2,1) (c) R=|Y| where Y is 2D
isotropic stable  (d) R ~T(5,1)
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3D example - contour
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uniform sample from contour
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sample from distribution X with R ~ '(2,1)
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© Multivariate EVDs
@ Discrete angular measures
@ Generalized logistic distributions
@ Dirichlet mixtures
@ Piecewise polynomial angular densities
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Multivariate Fréchet Distributions

de Haan and Resnick (1977): X max stable, centered with shape index &,
is characterized by the angular measure H on the unit simplex W,. The
spread of mass by H determines the joint structure. Define the scale

function
d
ot(u) = XW <\/ ugw,-> H(dw).

i=1
(If the components of X are normalized and £ = 1, then this is the tail
dependence function ¢(u).)
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Multivariate Fréchet Distributions

de Haan and Resnick (1977): X max stable, centered with shape index ¢,
is characterized by the angular measure H on the unit simplex W,. The
spread of mass by H determines the joint structure. Define the scale

function
d

o*(u) :/ <\/ ugw,-> H(dw).
Wi \j=1
(If the components of X are normalized and £ = 1, then this is the tail

dependence function ¢(u).) The scale function determines the joint
distribution:

G(x) = P(X < x) = exp (—Jg(x_l)) .

Observation: need to (a) describe different types of measures and (b)
integrate over a surface
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R package mvevd, d > 2

@ Define classes of mvevds: discrete H, generalized logistic, Dirichlet
mixture, piecewise constant and linear angular measures
(computational geometry)

e Compute scale functions o(u) for above classes (integrate over
simplices, computational geometry)

Fitting mvevd data with any of the above classes (max projections)

Exact simulation from these classes (Dirichlet mix - Dombry, Engelke
& Oesting (EVA 2015), Dieker and Mikosch (2015))

Compute cdf G(x) = P(X < x) = exp(—0o*(x71)), (u=0,x>0).
Computation of density g(x) when known (partitions)

Computation of H(S) for a simplex S to estimate tail probabilities in
the direction S. (computational geometry & integrate over simplices)
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Discrete Angular measures

H(-) has mass h; at points w;, i =1,...,m;

a(u; hl, ey h’Wl, NN ,Wm) = 27;1 < J‘-j:]_ uJ'W,"j> h,'.

Sometimes there is a factor model justifying such a choice, or the

structure of the problem (Kluppelberg and Gissibl, EVA 2015). In general,
this is a dense class, explicit formulas, can simulate exactly.
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Discrete Angular measures

H(-) has mass h; at points w;, i =1,...,m;

O‘(U; hl, ey h’Wl, NN ,Wm) = Z:n:l ( }jzl uJ'W,"j> h,'.

Sometimes there is a factor model justifying such a choice, or the

structure of the problem (Kluppelberg and Gissibl, EVA 2015). In general,
this is a dense class, explicit formulas, can simulate exactly.

Discrete angular measure
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2D example with H discrete
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Generalized logistic distribution
Fougeres, Mercadier, N. (2013) showed that if S = (51,...,54) is a
positive a-stable random vector with spectral measure A concentrated on
positive orthant, 0 < o« < 1, and Z = (Z3,...,Zy) is a vector of i.i.d.
Frechet({, u = 0.0 = 1) components, then

X =8z =(5"27,... ¥z,
is Frechet(a&, p = 0,0(-) with scale function

€)= ey (uf) = e /S (€ 5)[*A(ds).

When A is discrete and a& = 1, this simplifies to a sum:

o(u) = cai ‘<u£,sj>‘a)\j.
j=1
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Generalized logistic cdf and pdf
Formula for the cdf G(x) and density g(x) of X when A is discrete:

G(x) = exp(—o*(x%)),
1Bl (x
g(x) _ {Z \7r|+d H 0 I )} G(X) ’

well Berm
8|B|I(X) al |B] o e
_ § Ax—§ g:\a—|B] | | 61
0Bx o (o — |B|)I€ j=1 Sl ,'EBSJ’ g ’

the sum is over I1 the set of all partitions of {1,...,d} and the product is
over all of the blocks B of a partition 7 € 1. The number || denotes the
number of blocks of the partition and the cardinality of each block is
denoted by |B].
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Generalized logistic cdf and pdf
Formula for the cdf G(x) and density g(x) of X when A is discrete:

G(x) = exp(—o*(x%)),
1Bl (x
g(x) _ {Z \7r|+d H 0 I )} G(X) ’

wel Bem
dI1Bl(x) a! 7 e
— |B| E (xS g\ Bl | | I
0Bx o (o — |B|)I£ j=1 Sl ,'EBSJ’ g ’

the sum is over I1 the set of all partitions of {1,...,d} and the product is
over all of the blocks B of a partition 7 € 1. The number || denotes the
number of blocks of the partition and the cardinality of each block is
denoted by |B].

The evaluation of this requires the ability to work with all partitions, e.g.
R package partitions. Code works in any dimension d. In principle can
do numerical maximum likelihood estimation, though slow.
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2D example generalized logisitic

gen.logistic H scale func

contours of cdf
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Dirichlet mixture angular measures
Coles and Tawn (1991), Boldi and Davison (2007), Sabourin and Naveau
(2014)

H(dw) = | Y cif(w;ay) | dw, f(~a) Dirichlet density
J

dirichlet mixture angular density

0,01

(0,1,0)

MURI - Nolan (AU) Tools for multivariate models 16 Oct 2015 22 /28



2D example Dirichlet mix

dirichlet.mixture H scale func contours of cdf
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Piecewise polynomial angular densities

Here we need to evaluate integrals of the form

d

/W+ \/ gjw; | h(w)dw),

J=1

where H(dw) = h(w)dw with angular density h(w) given by a piecewise
polynomial.

Can exactly integrate this with careful decomposition of the unit simplex.
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PW constant h

(0,01}

pw.constant angular density

0.1.0)
{1.0,0
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2D example H piecewise constant

pw.constant H scale func

contours of cdf
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2D example H piecewise linear

pw.linear H scale func

contours of cdf
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PW linear h

pw linear angular density
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