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Testing the goodness-of-fit of AR(p) model

P
Xe =) Xk + Z:
k=1

iid
» Zi ~ F

» Causal
> 1-— Zi:l ¢, z¥ = 0 no roots inside the unit circle
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» Observations (X¢):=1,...,n



Testing the goodness-of-fit of AR(p) model

P
Xe = oXek+ 2
k=1
» Observations (X¢):=1,...,n

» Parameter estimates ¢y (e.g., least-square, Yule-Walker, etc.)
» Fitted residuals (Z;)

Proposal: Test the serial dependence of (Z;)



Measure of Dependence: Generalized Distance Covariance
T Yin) = [ loxr(s.0) = ox(S)ev () (s, o)

» Random variables X €¢ R? and Y € RY,

XLY <— pryy(s, t) = (px(s)cpy(t), VS, t



Measure of Dependence: Generalized Distance Covariance
T Yin) = [ loxr(s.0) = ox(S)ev () (s, o)

» Random variables X €¢ R? and Y € RY,

XLY <— pryy(s, t) = (px(s)tpy(t), VS, t

> Existence:
> u finite
> pinfinite: [(1 A [s|®) (1 A [t]*) u(ds, dt) < oo and
E[IX]* +Y[* + [XY]*] < o0



Measure of Dependence: Generalized Distance Covariance
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» Random variables X €¢ R? and Y € RY,

XLY <— tpxyy(s, t) = (px(s)tpy(t), VS, t

> Existence:
> u finite
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> Traditional distance covariance (Székely et al., 07):

p(ds, dt) = c|s| 72|t 2



Measure of Dependence: Generalized Distance Covariance
T Yin) = [ loxy(s.6) = ox()ev ()] u(ds.dt)

» Random variables X €¢ R? and Y € RY,

XLY <— tpxyy(s, t) = (px(s)tpy(t), VS, t

> Existence:
> u finite
> pinfinite: [(1 A [s|®) (1 A [t]*) u(ds, dt) < oo and
B[IX|* + [Y]* 4+ [XY][*] < o0

v

Traditional distance covariance (Székely et al., 07):
p(ds, dt) = c|s| 72|t 2

» Distance correlation:

T*(X,Y;p)
VTEX X ) TA(Y, Y )

RY (X, Y;p) =




Measure of Dependence: Generalized Distance Covariance
T Yin) = [ loxy(s.6) = ox()ev ()] u(ds.dt)

> Assume p(ds, dt) = (d ) X p2(dt) symmetric about the origin

. LN fRd e v(dx) , v finite
Let 7(s) = { Ja (1 — cos(s x))v(dx) , v infinite
T(X,Yin) = E[in(X—X) (Y - Y]

FE[fin (X — X E[fi2(Y — V)]
—2E[fin(X = X")fia(Y = Y")].

> where X', Y’, Y'" are iid copies of X, Y, Y respectively



Measure of Dependence: Generalized Distance Covariance
TAKYin) i= [ Ioke(s,1) = h()e4(0) (s, o)

> Assume p(ds, dt) = (d ) X p2(dt) symmetric about the origin

v(dx) v finite
Let #(s) = Jra e ’
> Let 7(s) { Jra( 1—cos(s x))v(dx) , v infinite
1 & . -
To(X.Yip) = = > (X = X)fia(Yi = Y))
ij=1
N .
+— > (X — Xp)fia(Yi — 1)
ij k=1

2« . .
=5 > (X = X)a(Yi = Yi).

i k=1



Measure of Dependence: Generalized Distance Covariance
TAKYin) i= [ Ioke(s,1) = h()e4(0) (s, o)

» Consistency under ergodicity

» Asymptoticity under certain a-mixing condition



Auto-Distance Covariance Function

Let Z; = (Zl7 e Z,,fh), Zy1 = (Zh+17 e Zn), then
Ta(h) i= T3(Z1,Zhia; )

iid

If Z: ~ F, then
nT2(h) /|GF(s, 0 u(ds, dt)

» Gr is a Gaussian field dependent on F



Example: Kilkenny wind speed time series
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Figure : ACF and auto-distance correlation function (ADCF) of Kilkenny daily wind
speed time series from 1/1/61 - 9/27/63



Testing the goodness-of-fit of AR(p) model

P
Xe =) Xk + 2t
k=1

» Observations (X¢):=1,...,n
» Parameter estimates ngSk
» Fitted residuals (Z;)

Proposal: Test the serial dependence of (Z;)

Statistic of interest: T2(h) := T2(Z1,Zpi1; 1)



Auto-distance covariance of AR(p) residuals

P
Xe =) Xk + 2t
k=1

Statistic of interest: T2(h) := T2(Z1,Zp1; 1)
Theorem

» Assume that
/(52 At A (st)?) u(ds, dt) < oo

> IFEZ? < 0o, then
n T2(h) % /|GF(5, £) + £x(s, £)[2 pu(ds, dt)

where
&n(s, t) = toz(t) P2(s)Vh Q

> Wy, = (Yh—j)j=1,...,p where o are the coefficients in the causal

representation X¢ = 320 1 Z;—j

> Q is the limit distribution of \/n(¢ — ¢)



Example: Auto-distance covariance of AR(10) residuals: Z; ~ N(0,1)
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Figure : Left panel: empirical box plots of T2, Right panel: empirical 5%, 50%, 95%
quantiles of T? and T2



Example: Auto-distance covariance of AR(10) residuals: Z; ~ N(0,1)

5 8 R R g .
3 s
< iliilblilii
4 . .
Pitaaaaaid % ‘
| e e e SR
o T T T T T T T T T T T T T T T T T T T T
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
lag
. — residuals
S - bootstrap
© iid noise
w
o o 7|
2 8-
o
e —
g |
] T T T T
5 10 15 20

Figure : Left panel: empirical box plots of T2, Right panel: empirical 5%, 50%, 95%
quantiles of T?, from simulations and from bootstrapping, and that of T?



Example: Auto-distance covariance of AR(10) residuals

P
Xe =) Xk + 2t
k=1

Statistic of interest: f,f(h) = T3(21, Zhi1; )

Theorem

> Assume that
/ (s A £ A (st)?) p(ds, dt) < oo

» If Z is in the domain of attraction of a stable distribution of index
a € (0,2), then

nT2(h) /|cp(s, £))? u(ds, dt).



Example: Auto-distance covariance of AR(10) residuals: Z; ~ t(1.5)
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Figure : Left panel: empirical box plots of T2, Right panel: empirical 5%, 50%, 95%
quantiles of T? and T2



Example: Kilkenny wind speed time series
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Figure : ACF and auto-distance correlation function (ADCF) of Kilkenny daily wind
speed time series after AR(3) fitting.



