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EIGENVALUES OF SAMPLE COVARIANCE MATRICES OF NON-LINEAR
PROCESSES WITH INFINITE VARIANCE

RICHARD A. DAVIS AND OLIVER PFAFFEL

AsstracT. We study thek-largest eigenvalues of heavy-tailed sample covariandecgea of the
form XXT in an asymptotic framework, where the dimension of the daththe sample size tend
to infinity. To this end, we assume that the rowsxoare given by independent copies of some
stationary process with regularly varying marginals withéx « € (0, 2) satisfying large devi-
ation and mixing conditions. We apply these general resolstochastic volatility and GARCH
processes.

1. INTRODUCTION

In the statistical analysis of high-dimensional data orerofries to reduce its dimensionality
while preserving as much of the variation in the data as ptesgDne important example of such
an approach is the Principal Component Analysis (PCA). PGkes a linear transformation of
the data to a new set of variables, the principal componesiich are ordered such that the first
few retain most of the variation. Therefore one obtains alodvmensional representation of the
data by retaining only the first few principal components.

The variances of the firdt principal components are given by tkdargest eigenvalues of
the covariance matrix. Let us collect the samples of our inariaite data in g x n matrix X,
where we refer t@ as the dimension of the data anditas the sample size. In practice, the true
underlying covariance matrix is not available, thus oneallgueplaces it with the sample cov-
ariance matri>%XXT. For more details on PCA we refer the reader to one of the nmextlgaoks
available on this topic, se@]or [13], for example.

To account for large high-dimensional data sets, we studykilargest eigenvalues of the
sample covariance matrix when both the dimension of the dats well as the sample size
go to infinity. The field of research that investigates thecgpé properties of large dimensional
random matrices has become known as Random Matrix TheoryljRMhere exist several sur-
vey articles which stress the close relationship betweem&a Matrix Theory and multivariate
statistics, including PCA, see e.d( and [12]. Some authors have already employed tools from
Random Matrix Theory to correct traditional tests or estor&awhich fail when the dimension
of the data cannot be assumed to be negligible compared &athple size. For example, Bai
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et al. [3] gives corrections on some likelihood ratio tests that éadreven for moderate dimen-
sion (around 20), and El Karoul ]] consistently estimates the spectrum of a large dimenkiona
covariance matrix using Random Matrix Theory.

Davis, Pfdtel and Stelzer9] study thek-largest eigenvalues of a sample covariance matrix
based on observations that come from a high-dimensioreddiprocess with heavy-tailed mar-
ginals. It is often necessary to use non-linear insteadnefali models to capture the complex
dependence structure of the data. This is particularlyitri@ance where the log-returns exhibit
both non-linearity and heavy-tails. The objective of theper is to extend some of the results of
[9] to a non-linear setting.

In Section2 we study non-linear processes with regularly varying teobabilities with index
less than two which satisfy certain large deviation and ngxtonditions. We then apply our
results to two heavily employed models in finance; stocbastiatility models in Sectio3 and
GARCH(p,q) processes in Sectioh More background on these processes and other financial
time series models may be found itj,[for example. We assume throughout sectigdrs4 that
the dimensiorp ~ n® with g > 0 satisfyings < % if 1 <a < 2. This restriction is rather general,
however, ifa is close to 2, it becomes quite strict. Therefore we will preésa result for the
largest eigenvalue of XT in Section5 which holds forp > n independently of the value of as
longas O< a < 2.

This article makes heavy use of the theory of regular vama#ind point processes. A good
introduction may be found in Resnickj], for example.

2. BEIGENVALUES OF HEAVY-TAILED SAMPLE COVARIANCE MATRICES OF STATIONARY PROCESSES

Throughout this section we assume th&j (s a strictly stationary sequence of random vari-
ables with marginals that are regularly varying with tadéx smaller than two. In other words,
there exist a normalizing sequeneg)(and anx € (0, 2) such that, for anx > 0,

(2.1) nP(|Xo| > anX) — X .
Moreover we assume thp satisfies the tail balancing condition, i.e., that the limit
. P(Xo>Xx) .
lim ——— exists.
x=e0 P(|Xo| > X)

Then we construct oup x n observation matrixX = (Xit)ir as follows: for each ki < p, let
(Xit)1<t<n be an independent copy oXi)1<t<n. This means thatqj); and X;); have the same
distribution, and all rows oK are independent. We denote y,..., 1, > 0 the eigenvalues of
XXT and study them via their induced point process

p
> a2 (B) = \{15 i<p: a2 cB|

i=1

, BC(0,).

Our motivation to study this problem comes from the statédtanalysis of high-dimensional
data. Therefore we assume in the following tpat p, is an integer valued sequence such that
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Pn — o0 asn — oo.

The upcoming theorem is a combination of results fr@mhere mostly linear processes are
studied. This general theorem will be the basis of all outhier results.

Theorem 2.1. Assume that there exists &t such that

(2.2) pP(Z XZ > anpx] — bxX @2 for eachx > 0.
Suppose that p p, — o ar:dln—> oo such that
(2.3) “T_igp% < o0
for somes > 0, satisfyings < 7 if L<a <2. Then we have that
(2.4) Z SR S

i=1 i=1

as n— oo, wherel'; = E1 +... + Ej is the successive sum of independent and identically loig&d
(iid) Exponential random variables,gvith mean one.

The convergence ir2(4) means that, for any functioh: (0, o) — (0, c0) with compact support,
E(e—zi‘;maa%M) . E(e—z;’zlubz/“rf”“)).
Nn—oo
Proof. Proposition 3.3 of9] shows that
(2.5) a2 [XX™-D|, — o.

n—oo

This means thaxX™ can be approximated by its diagonal. Using Weyl's inequg[B, Corol-
lary 111.2.6]), its eigenvalues are therefore asymptdlycaqual to its diagonal entries. By5,
Proposition 3.21], the large deviation resi@t?) implies that the point process of the diagonal
entries ofXXT converges to a Poisson point process,

(2.6) Z anpzt 1 X oo Z b2/"1“ o

Along the lines of the proof of9[, Theorem 1] it foIIows that this results carries over to the
eigenvalues, since, as mention before, they behave likéidgenal entries. O

Remark 2.2. Observe that4.4) immediately implies the joint convergence of tkibargest ei-
genvalues oiXXT in distribution. Denote byl(1y > ... > Ay > 0 the eigenvalues oXX' in
decreasing order. Then we have, for any fixed intégérat

— D _ -
Ba(Aws - ) — BT, T ).

If b= 0, then the normalized eigenvalues converge to zero in prliya
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The large deviation conditior2(2) is essentially equivalent to the convergence of the point
process of the partial sums ¥f to a limiting point process. Instead of having a condition on
the partial sums, it would be much more convenient in mangs#&s have a condition on the
process itself. Davis and Hsing][give very general conditions under which the point process
convergence of the sequenkg gives a large deviation result for the partial sumsxgf This
will be stated in our next theorem.

Theorem 2.3. Assume that

n 0o o
(2.7) Zeaazxiz n_%; ZZGPiQU’

where};”, ep, is a Poisson process d0, «o) with some intensity measuveand(Z‘j’ileQij)i is
a sequence of iid point processes[e,0)U (0,1] independent o}, ep,. Further assume that
the sequencéX;) is strongly mixing. If pn — co such that(2.3) is satisfied, then we ha\2.4)
with

(2.8) b= lim fo P(Z UQui L5 0y (U Quil) > 1] v(dy) € [0, ).
i=1
Proof. Under the above condition$,[Theorem 4.3] shows that

_ P(zpzlth > aanx) _ o (&
| = | P il 00 i 1 d =. b
im Imf0 E UQ1i 1(5,00)(UIQ1il) > 1 {v(du)

e nP(XZ>afx) 00

i=1

SincepnP(X3 > a3,x) — x~%/2, this implies

n
pP(tzll X2 > aﬁpx) — bx /2,
An application of Theorern2.1 completes the proof. |

Remark 2.4. The assumption that the sequeng) (s strongly mixing can be replaced by the
much weaker assumptiof,[(2.1)].

In the remainder of this article we apply the results of tlest®n to stochastic volatility and
GARCH processes. For a stochastic volatility process timstemtb in (2.4) is essentially one,
see B.4). In the case of a GARCH process the characterizatidni®imore involved.

3. SrocHasTIC VoLATILITY MODELS

In this section we use the previously introduced technidaesbtain results for the eigen-
values of sample covariance matrices when the observati@ngiven by stochastic volatility
models. More precisely, the rows of the observation ma¢race given by independent copies of
a univariate stochastic volatility process= o¢Z;, andAs, ..., 1p denote the eigenvalues XX T.
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Theorem 3.1. Assume thatz;) is an iid sequence with regularly varying tails with index (0, 2)
and normalizing sequende,,). This means we have that

(3.2) nP(Zo| > anX) = X * foranyx> 0.

Moreover we assume thag Zatisfies the tail balancing condition

. P(Zo>Xx) .
3.2 im ———=qg¢<[0,1] exists.
&2 Pz g €10
Letot > 0 be a stationary sequence withrﬁ’ < oo independent ofZ;). Then X = oZ; defines

a stochastic volatility process. Suppose pn 2 o0 such that

P ¢ . Pn
0< “Ql'orlf B and Ilmiup@ < 00
for some0 < 31 < B2, wherepss < % in casel < a < 2. Then we have, as# ~, that
p b &
(33) Zeaﬁ%/li — ZG(EUg)Z/(YFi_Z/(Y,
i=1 i=1

wherel'; = E; +... + Ej is the successive sum of iid Exponential random variablesith mean
one.

Proof. Theorem 4.2 of 4] applied toX? = o222 gives that

- P2y X2 > a2,x) )
oo nP(X2>adpx)

SincepnP(X3 > a3 ,x) — X" */2Ec?, this implies that

n
pP(Z XZ > aﬁp] — X Y2Eq?.
t=1

Theorem2.1concludes. O

Remark 3.2. Note that the factorE(ag)z/“ in the limiting point process in3.3) appears due
to the fact that, is the normalizing sequence gf and notX;. If &, denotes the normalizing
sequence oK, then we have that

p

(3.4) Z €321, >, i €2/
i=1

i=1
Thus we get the same result for a stochastic volatility pgeces we get for an iid sequence.

The intuitive reason for this is that the dependence withengequenceX{) is inherited by the
light-tailed sequencert). Hence, the extremes aX{) are asymptotically independent.
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A combination of L4, Theorem 4.6] and Theorefhl can be used to obtain analogous results
for regularly varying Markov chains.

The additional assumption of @liminf n_,c, S nB in Theorem3.1is needed to apply Theorem
4.2 of [14]. We can eliminate this assumption at the expense of imgasixing properties on
the volatility sequences(;). This is the content of the following theorem.

Theorem 3.3. Let X = oZ; be a stochastic volatility process such théd] is regularly varying
satisfying(3.1) and (3.2) with tail indexa € (0,2) and normalizing sequenda,). Assume that
the volatility sequencéry) is independent diZ;) and either

e astationary sequence of m-dependent non-negative randoabies such that Eg+5 <
oo for somes > 0, or
e the exponential of a linear process with Gaussian noise, i.e

logot = Z Ykét—ks
k=—c0

where(¢;) is a sequence of iid mean-zero Gaussian random variables{lgi)ds sum-
mable.

Suppose that,m — oo such that(2.3) is satisfied. Then we haya.3).

Proof. Depending on the choice of the volatility process)( Theorem 3.1. or Theorem 3.3. of
Davis and Mikosch@] yield that

(o)

-1 €p
2 i MZ 2

i=1
where the limiting point process is Poisson with intensigasure

H(dX) = aEod[qX 1 (0.00) () + (1 - Q)(=X) " oo 0)(¥)]dX

An application of the continuous mapping theorem yields$ tha

2. Can®X¢ n:; = ZEP'
i=1 i

The limiting point proces$ ;> ep; of the squares has intensity measure
v(dx) = aEogx ¥ 11 g0y (X)dX

and representatior2(7) with Q;j = 1 if i = j and zero otherwise. For either choice ot) this
sequence is strongly mixing. Davis and Mikosé&hlave shown thatX;) is strongly mixing if
(o¢) 1s. Thus we can apply TheorePn3. Due to the simple structure @J, we have that

b=Iim f(; P(Z UQ1i 1(5,00)(UIQ1i[) > 1]v(du) = —%Eﬁgﬁ U2 1gy = Eog.

6—0 —
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4. GARCHPROCESSES
A GARCH(p,q) process X;) with p> 1 orq > 1 is given by the equations
(41) Xt :O'tzt,

p q
2 2 2
o :0‘0+Zaixt—i +Z,Bjo't_j,
i-1 =1

wherea; andg;j are non-negative céiécients such thatg > 0,ap>0if p>1andsy>0if > 1,
and ) is an iid sequence. This is not a stochastic volatility metdee @-f) is not independent
of (Z;). We will make use of the results of Secti@rio obtain the point process convergence of
the eigenvalues o X when the rows oK are given by iid copies of a GARCH process.

Theorem 4.1. Suppose thafz;) is an iid sequence satisfying the following conditions:

e Z; IS symmetric, i.e., 122 —Z1, and has a strictly positive density &n
e There exists ande (0, ] such that BZ;|" < co for h < hg and BZ|M = co.

Assume there exists a unique strictly stationary solugihto equation(4.1). Then X is regu-
larly varying with indexa > 0 and some normalizing sequen@g). Suppose that < 2.

Then we have, as,p— oo such that(2.3) is satisfied, that the convergence(th4) holds with b
as given in(2.9).

The intensity measusein (2.8) is given byv(x, o) = yx~* for somey € (0,1], and(Q;;) satisfies
sup, |Qijl = 1for alli > 1. The distribution o{Qjj) is described in detail in Theorem 2.8 of Davis
and Mikosch 7].

Proof. By Basrak, Davis and Mikosch] Corollary 3.5] we obtain that{) is strongly mixing
and has regularly varying tail probabilities with index 0. Since we assume thak 2, we can
apply Theoren.3. In [4, Theorem 2.10] it is shown, using the results frorh fhat the point
processzinzleaazxg has a limiting point process with representati@ry). For details, see also the
proof of [4, Theorem 3.6]. O

Remark 4.2. (i) Note thaty € (0,1] is the extremal index of the sequent&|i.
(ii) Inthe case whenX) is a GARCH(11) process, the theorem simplifies considerably. If
ao,a1,B1 > 0, then ;) has a unique strictly stationary solution if and only if

~o0 < Elog(@1Z% +81) < 0,

cf.[1, p.47]. Let us further assume tHaZ; = 0 andEZf = 1. In this case, the index of
regular variation of; is given by the unique solution to the equation

El(@1Zf +81)"1 = 1.

To finish this section we want to mention that, using the tedubm [4] and [7], the same sort
of argument could be applied to the class of solutions off&tstic recurrence equations.
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5. THE LARGEST EIGENVALUE IN THE CASE WHEN P > N

In the previous sections we assumed tl2aB)(is satisfied for somg > 0 with 8 < % in the
case k a < 2. Thisimplies forx € (1.5, 2) thatp grows slower tham. For example, in statistical
genetics one is often confronted with the case that the dsiroerof the datg (e.g., the number
of genes) is much larges than the sample siZe.g., the number of patients). This may also
happen in finance when one considers the problem of optimmeiarge portfolio. Therefore we
present a result in the upcoming theorem for the largesheajee ofXXT that holds forp > n
independently of the value afas long as & a < 2. It shows that the largest eigenvalygax of

XXT is asymptotically equal to the maximum of the squares of tiiges ofX.

Theorem 5.1. Let(X;) be a strictly stationary stochastic process which satige®) with nor-
malizing sequencé,) and tail indexa € (0,2). Assume thaf|X;|) has extremal index equal to
one. Further let p= p, = n* for somex > 1. Suppose, for any x 0O, that

P(ZP:1|Xt| > aan) _

—

" P(X0l > np¥
and
P(ZLy XE > aqpX) .
oo NP >a3pX)
Assume the rows of are given by independent copies(2f), and denote bylmax the largest
eigenvalue oKXT. Then we have

A P
(5.1) max 5 — 1.
MaXi<i<p,1<t<n X M=

In particular, this implies that

1im P(max < apX) = exp(-x /%),

Proof. Since (X;]) has extremal index equal to one, and max |Xi| < Z{‘:1|Xt|, we have, as
n — oo, that

P(maxi<t<n [ Xt| > anpmax(x,y})
NP(Xol > anpmaxx, y})
_PEL1 X > anpx maXi<ien Xl > 8npy) _ PEL, X > anpmaxixyy), 1
NP(IXol > anpmax{(x,y}) ~ nP(Xol > anpmaxx,y})
The latter converges to one by assumption, thus
PP Xl > anpx, Maxi<t<n Xt > anpy)
npR(|Xol > anpmax(x,y}) -

1-0(1) <

1

Hence

(o]

P D
Z Canb(Zn Xtk maXi<ten Xit]) 1o Z Er;l/f’(l,l)'
i=1 i
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This yields
X max > . X
(5_2) 1Xlleo _ th_1| it _P) 1
max ¢ | Xit| max ¢ |Xit| n—eo

Likewise, we obtain for the squares
max szlxi% P
s — _)

5.3 :
(-3) max X3z n—ee

Now we proceed like in the proof oB[ Theorem 2]. Since max[;lxi% < Amax < IIXII%,, we
obtain by 6.2) and 6.3) that
Amax P

N Y2 now
MaXi<i<p 2_q X "

O

The above theorem applies to stochastic volatility moadesye show in the upcoming corol-
lary. It should not be mistaken as a special case of The@r&since the growth condition opy,
is different.

Corollary 5.2. Let % = otZ such that(Z) is an iid sequence with regularly varying tails satis-
fying (3.1) and (3.2 with index0 < a < 2 and normalizing sequenda,). Assume that > 0is a
stationary sequence independent&)j that is strongly mixing with rate function & O(j~%) with
a> 1. Further assume thahEé‘”d < oo for somes > 0. Let n— oo and suppose that $ p, = n*
for somex > 1. Then we havés.1). This implies that

lim P[& < x] = exp(x"?).

Proof. Since the square of a stochastic volatility process is agaitochastic volatility process,
it suffices to show that

lim P(ZP=1|XI| > aan) _

n—eo NP(|Xg| > anpX)

For O< @ < 1 this has been done i14, Theorem 4.2] (note that,, = n*Y/® sincep = n¥). For
1 < a < 2 this has been shown for the centered sum. However, ginck anda < 2, we have
thatnE|Xol/anp converges to zero, therefore a centering is not needed. O
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