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ABSTRACT. We investigate partial maxima of the uniform AR(1) processes
with parameter r > 2. Positively and negatively correlated processes are con-
sidered. New limit theorems for maxima in complete and incomplete samples
are obtained.

1. INTRODUCTION

We consider an apparently simple stationary stochastic process with standard
uniform marginals. The process is defined as a first order autoregressive (AR(1))
model

X, =aX,1+¢e,, n=1, (1.1)
where (e,,),>1 is an i.i.d. sequence of innovations, independent of the initial value
Xo. We will consider two different AR(1) processes, each one parametrized by an
integer r > 2. In both cases the initial state X is taken to be a standard uniform
random variable.

Positively correlated uniform AR(1) processes are defined by (1.1) with a@ =
1/r, where r > 2 is an integer. In this case a generic noise variable e, takes
one of the r discrete values {0,1/r,2/r,...,(r — 1)/r} with equal probabilities
1/r. These processes were introduced by Chernick (1981). Obviously, a positively
correlated uniform AR(1) process is stationary, and each X, has the standard
uniform distribution.

Negatively correlated uniform AR(1) processes are also defined by (1.1), but now
a = —1/r, with r > 2 still an integer. This time a generic noise variable &, takes
one of the r discrete values {1/r,2/r,...,(r —1)/r, 1} with equal probabilities 1/r.
These processes were introduced by Chernick and Davis (1982).

The extreme values of the positively and negatively correlated uniform AR(1)
processes are interesting, and have attracted attention because its extremes clus-
ter in a somewhat unusual way. Recall that, marginally, the standard uniform
distribution is in the Weibull domain of attraction, and for w, = 1 — x/n with
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x> 0 we have P{maxi<icn Ui < up} — €% as n — oo, if Uy, Uy,... are iid.
standard uniform random variables. For this sequence (u,) both positively and
negatively correlated uniform AR(1) processes satisfy the D(u,) condition of Lead-
better (1974). This was shown by Chernick (1981) and Chernick and Davis (1982).
If these processes also satisfied the D’(uw,) condition of Leadbetter (1974), then
the extremes of these processes would not cluster, and the partial maxima of these
processes would satisfy a limit theorem with the same normalization and the same
limit as the i.i.d. standard uniform sequence. This is, however, not true, and
condition D’(u,,) fails for the positively and negatively correlated uniform AR(1)
processes. In fact, it was shown by Chernick (1981) that the partial maximum
M, = max{Xy,...,X,} of the positively correlated uniform AR(1) process satis-
fies P{M,, <1—x/n} — exp{—(1 —r~!)z} as n — oo, while Chernick and Davis
(1982) showed that for the negatively correlated uniform AR(1) processes one has
P{M, <1-xz/n} - exp{—(1—r~?)z} as n — oo. In particular, the extremes
of the two processes cluster, and the extremal index of the two processes is equal
tol —r~! and 1 —r~2 in the positive correlated and negatively correlated cases,
correspondingly. See Leadbetter (1983).

Even among processes whose extremes cluster, the uniform AR(1) processes may
be unusual. We explain this point briefly. The stationary process Y, = (1— X, )™},
n = 0,1,... has standard Pareto (1) marginals, and, more generally, multivariate
regularly varying distributions with exponent 1 of regular variation. Therefore, the
spectral tail process is well defined; it can be obtained (extending first the Y process
in law to a stationary process ( LY 1Y, Y, Y, ) indexed by Z) by

P [(}Y;;, nGZ) € «‘|Y0| > y] = P[(T,,neZ) e
as y — oo; see Basrak and Segers (2009). Since the process Y is a Markov chain,
one can expect, in accordance to the theory of Segers (2007) and Janssen and
Segers (2014) that the tail process is, itself, a Markov chain of a particular type,
the so-called back-and-forth tail chain. This is, indeed, the case if the process Y
corresponds to the positively correlated uniform AR(1) process. It is not difficult
to check that in this situation one has, in law,

T - rhn if n <0,
T I AN i,

where AY),Ag), ... are 1.i.d. random variables, P(AY) =r)=1-— P(AY) =0) =
1/r. On the other hand, if the process Y corresponds to the negatively correlated
uniform AR(1) process, then the spectral tail process is not even a Markov chain.
It is not difficult to check that in the above notation we can now write, in law,

n if n < 0 is even,

T, = H”/Q A(T if n > 0 is even,
if n is odd.

r

This happens because, if the process X is a negatively correlated uniform AR(1)
process, then the process Y does not satisfy Condition 2.2 of Segers (2007) or of
Janssen and Segers (2014).

We are interested in studying the extreme value theory of the uniform AR(1)
processes in incomplete samples. This means that only some of the observations
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of the process of interest are registered, and one studies the extremal behaviour
of the registered observations. Questions of this type are of obvious interest in
situations where more than one natural frequency of observations exists (for ex-
ample, in finance), or where one may be interested in less frequent observations of
the state of a physical system (e.g. annual) than the natural frequency (e.g. daily
observations). The observation scheme could more generally be driven by a mech-
anism independent of the process of interest. Studying extreme value theory for
incomplete samples has venerable history, starting, probably, with Mittal (1978),
and a number of new results appeared more recently, such as Scotto (2005), Hall
and Hisler (2006), Hall and Scotto (2008). Most of the previous work concentrated
on the cases where the registered observations were either equally spaced, or were
registered in a periodic manner. For us periodically registered observations provide
one of the examples, and we will discuss it in the sequel.

In order to obtain a fuller picture of the extremes of a partially registered random
sequence, it is useful to understand the joint behavior of the maxima of both fully
and partially registered observations. Let X = (X,,) be a stationary process, and let
cn €{0,1}, n=1,2,..., be a deterministic sequence defining the registration: the
observation X, of the process is registered if ¢,, = 1 and is not registered otherwise.
Then .

M, = max X; and M, = max X;
1<isn 1<ig<nici=1
are the two partial maxima of interest. Clearly, M, is bigger of Mn, and the partial
maximum of the nonregistered observations, so, in particular, M, > M, for every
n. We will assume existence of an asymptotic sampling frequency

1 n
p—nh_{gogjzlcj € (0,1]. (1.2)
Under very general conditions it was shown in Mladenovi¢ and Piterbarg (2006)
that if the extremes of the process X do not cluster, i.e. if the D’(u,) condition
of Leadbetter (1974) holds for the process X for an appropriate for a domain of
attraction sequence (u,), then the partial maxima of the registered and nonreg-
istered observations are asymptotically independent, which fully determines the
joint limiting law of the appropriately normalized pair (M,L,Mn). In particular,
that limiting law exists, and is completely determined by the asymptotic frequency
p in (1.2). This result, of course, does not apply in the case of the uniform AR(1)
processes. In fact, it was shown by examples in Mladenovié (2009) and Mladenovié
and Zivadinovi¢ (2015) that neither asymptotic independence of the partial max-
ima A()f the registered and nonregistered observations holds, nor is the limiting law
of (Mn, Mn) determined by the asymptotic frequency p.

It is the purpose of this paper to give a general solution to the problem of the joint
asymptotic behaviour of the properly normalized pair (Mn, Mn) We will provide
sufficient conditions for existence of the limiting distribution, explain what features
of the sampling sequence (¢,,) determine the limiting distribution, and describe the
form of the limiting distribution. Our main results are stated in Section 2, which
also provides a number of examples and a discussion. The proofs are given in
Section 3. Finally, Section 4 contains certain estimates concerning the application
of the D(uy,vy,) condition in our arguments.
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2. THE LIMIT THEOREMS FOR THE PARTIAL MAXIMA

The marginal distributions of the uniform AR(1) processes dictate the manner
in which the partial maxima should be normalized. Specifically, we will study the

limiting behaviour of the random vector (n(1— M,),n(1 — M,)), try to determine
existence and the shape of the limit

n—o00 n n
Notice that, if 0 < z < y, then
P{Z\A]ngl—f,Mngl—g}:P{Mngl—g}
n n n

{ exp {7(1 — ril)y} for positively dependent X, (2.2)

exp{—(1—r"2)y} for negatively dependent X,

by Chernick (1981) and Chernick and Davis (1982), irrespectively of the behaviour
of the sampling sequence (c,,). Therefore, the only non-trivial case as far as the
limit in (2.1) is concerned is the case 0 < y < x.

We state and discuss below the limiting results for the positively correlated
uniform AR(1) processes and negatively correlated uniform AR(1) processes sep-
arately. Before doing so, we would like to draw the attention of the reader to
the difference in the mechanism that makes the extremes cluster in the positively
correlated case and in the negatively correlated case, and we do it in an informal
manner. In the positively correlated case, one large value of the process will be
followed by large values as long as the subsequent noise variables keep taking the
value (r—1)/r. In the negatively correlated case a large value of the process cannot
be immediately followed by another large value, but the value two units of time
away can be also large as long as the pair of the two subsequent noise variables
takes the value (1/r,1). This importance of the parity in the negatively correlated
case will be visible both in the statement of the results and in their proofs.

A. Positively correlated uniform AR(1) processes. For a sampling sequence (c¢;,)

we denote for n,j = 1,2,... the empirical frequencies of consecutive zeroes,
n—j+1
frg = Z 1(Ci =Cit1 = ... = Citj-1 = 0) (2.3)
i=1

if j <nand f,; =0if 7 > n. We will use the notation

£=tim DM a2, (2.4)

n—oo M

if the limit exists. Note that f; = 1 — p, where p is defined in (1.2), and we
always assume existence of this limit. The following theorem is our main result for
positively correlated uniform AR(1) processes.

Theorem 2.1. Let X be a positively correlated uniform AR(1) process.
(a) If the limiting frequencies f; in (2.4) exist for each j € {1,2,...}, then the
sequence (n(l - M,),n(1- Mn)), n=1,2,... converges weakly as n — oo.

(b) Let j be a positive integer, and suppose that the limit fi in (2.4) exists for
all k€ {1,...,5}. Then the limit G(x,y) in (2.1) exists for all (x,y) in the range
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0<zr7 <y<azr U=Y, and is given by

j—1
G(z,y) :exp{ (r—1 xz I _kffﬂ —(r— 1)yfj}, (2.5)
k=0

r

with the convention fo = 1.

Remark 2.2. An immediate conclusion from Theorem 2.1 and the pointwise er-
godic theorem is that, if the sampling sequence (¢,) is a realization of a sta-
tionary 0 — 1-valued process, then for almost every such realization, the sequence
(n(l —M,),n(1 —Mn))7 n=1,2,... converges weakly. In particular, if the underly-
ing stationary process is an i.i.d. Bernoulli sequence with probability p of observing
1, then for almost every realization we have f; = (1 —p)?, j = 1,2,..., and the
expression (2.5) for the limiting distribution reduces to

r—1)

G(z,y) = exp{r(:__pl_)pl(l — *p)jrfj)x B (7

for (z,%) in the range 0 < ar 7 <y <ar-U=1 =12 ...

(1 p)jy}

Remark 2.3. Suppose that the sampling sequence (c,) is periodic, with period
k > 1. This sequence is one of the k possible realisations of the stationary process,
consisting of taking the sequence (¢, ) and erasing a random number N of its initial
entries, the random number N having a discrete uniform distribution between 0
and k — 1. Since each realization has a positive probability, Remark 2.2 applies,
and the sequence (n(1 — M,),n(1 — M,)), n = 1,2,... converges weakly. If [
is the largest number of consecutive zeroes within a period, we have f; > 0 for
1<j<l and f; =0 for j > 1. We conclude that the expression (2.5) for the
limiting distribution G in the range 0 < zr~(+1) <y < zr~! remains valid in the
entire range 0 < y < zr~'. The results of Mladenovié (2009) and Mladenovié¢ and
Zivadinovi¢ (2015) treat such periodic sampling sequences.

Remark 2.4. Instead of considering the joint distribution of the maxima of all ob-
servations and of the registered observations, one can consider the joint distribution
of the maxima of the registered and of the nonregistered observations. Let

o~

M, = max X;

1<ig<ni¢;=0
be the partial maximum of the nonregistered observations. Then
—~ y) P(M,<1-3, M,

P(Mngl_vangl_*
n n

and so the sequence ( (1- M, n)yn(l — Mn)) converges weakly if and only if both
sequences (n(1 — Mn)m(l - M,)), n=12,..., and (n(l — ]\/J\n),n(l - M,)),

= 1,2,..., converge weakly, sufficient conditions for which is the existence of
the asymptotic frequency of any number of consecutive zeroes and existence of
the asymptotic frequency of any number of consecutive ones. Suppose that the
asymptotic frequency of ones p € (0, 1), so that the marginal limits of both random
variables (n(1 — Z/W\n)) and (n(1 — Mn)) are nondegenerate. When are the maxima
of the registered observations and of the nonregistered observations asymptotically
independent? Theorem 2.1 says that a necessary and sufficient condition for such
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asymptotic independence is fi = f1 for all £ > 1. That is, asymptotically, zeroes
arrive in arbitrarily long groups and then, automatically, ones arrive in arbitrarily
long groups as well. Such sampling sequences (¢,,) exist. An example is the following
sequence. Let k; = [j(1 —p)/p] for j =1,2,..., and construct a sampling sequence
by alternating j consecutive ones with k; consecutive zeroes, j = 1,2,.... Clearly,
fi =1 —pin this case.

B. Negatively correlated uniform AR(1) processes. In this case it is natural
to consider, for a sampling sequence (¢,), the empirical frequencies of zeroes at
consecutive positions of the same parity, so we define

n—2j+2
fn,j = Z 1{c; =ciyo = - = ciyaj—2 =0}

i=1

if j <n/2, and fn,] =0if j > n/2. We will use the notation

f]fhme je{1,2,...,} (2.6)

n—oo

if the limit exists. Note that f, 1 = f,.1 defined by (2.3), and as before we assume
that the limit p = 1 — f; = 1 — f; in (1.2) exists. The following theorem is our
main result for negatively correlated uniform AR(1) processes.

Theorem 2.5. Let X be a negatively correlated uniform AR(1) process.

(a) If the limiting frequencies fj in (2.6) exist for each j € {1,2,...}, then he
sequence (n(1 — M,),n(1— M,)), n=1,2,... converges weakly as n — oo.

(b) Let j be a positive integer, and suppose that the limit fi, in (2.6) exists for
all k € {1,...,j}. Then the limit G(z,y) in (2.1) exists for all (x,y) in the range
0<azr2 <y <ar- =2 and is given by

G(z,y) = exp{ r? — 1)z Z T%{Z—H —(r* =1y 7‘{2} , (2.7)

with the convention fo =1.

The remarks on Theorem 2.1 that appear above have obvious counterparts in the
negatively correlated case. We only address them briefly. If the sampling sequence
(cn) is a realization of a stationary 0 — l-valued process, then for almost every
realization, the sequence (n(l an), n(lan)), n=1,2, ... still converges weakly,
and in the special case of an i.i.d. Bernoulli sequence the limiting distribution of
the process is

(r?—1)p 2 (r?—1)
G(r,y) = eXP{—TQ_Fp_l(l —(1=pYr )z - ri(l —p)y
for (z,%) in the range 0 < zr~% <y < zr—20-1 i=12,... Further, we always

have weak convergence of the sequence (n(1 — M,),n(1 — Mn)) in the case of a
periodic sampling scheme, and the requirement for the asymptotic independence of
the maxima of the registered observations and of the nonregistered observations is
fr = f1 for all k > 1.
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3. PROOFS

The argument we will use depends, as do most of the arguments in related state-
ments, on a version of the D(uy) condition. Since we have to deal with two types
of observations, registered observations and nonregistered observations, and since
the corresponding arguments in the multivariate cumulative distribution functions
take, in general, different values, we need a two-sequence version of the D(uy)
condition. This condition, the so-called D(uy,v,) condition (with u, =1 —z/n,
v, =1 —y/n, x,y > 0 in our case) was introduced by Davis (1979), and Chernick
and Davis (1982) explained that this condition holds for both positively and neg-
atively correlated uniform AR(1) processes. This implies the following fact. For a
fixed positive integer 7, let z,y > 0 be either in the range 0 < zr—7 <y < ar~ 0~
or in the range 0 < zr~% < y < xr~(¥=2) depending on whether the process
is positively correlated or negatively correlated. In the positively correlated case
assume that the limit fy in (2.4) exists for all k € {1,..., 7}, and in the negatively
correlated case assume that the limit fj, in (2.6) exists for all k € {1,...,7}. Let
(my,) be a sequence of positive integers such that m,, — oo, m,/n — 0 as n — co.
If the limit

. n —~ x Yy
lim - (1 - P(an <1-2 My, <1- f)) = H(z,y) (3.1)

n—00 My, n
exists, then the limit G(z,y) in (2.1) exists, and
G(.’E,y) = exp{—H(x,y)} . (32)
We explain why this is true in Section 4.

Proof of Theorem 2.1. Since part (a) of the theorem is an obvious consequence of
part (b), we will prove part (b) of the theorem. Throughout the proof we will use

the notation
x, if ¢, =1,
y, if ¢ =0.
For a positive integer m we denote
am :P<Mm§17x/n, M, él—y/n)
=P(X1<1l—z1/n, Xo<1l—29/n,...., X <1—2zp/n). (3.4)

We will let m = m,, — oo sufficiently slowly with n so that ™ /n — 0. Note that

Xi=r 00X 43 r ey i=2,3,. m.
j=2
This implies the following fact that we will use repeatedly in the subsequent calcu-
lations:

. i .
e The inequality X; < 1 — z;/n holds if and only if X; < ri=t — 3" ri-le; —
=2
ri=lz/n.
Writing ¢; = k;/r with k; € {0,1,...,r — 1}, this condition translates into
i
X, <ritt - er_2kj —r Tl /n. (3.5)
j=2
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We will often use the following elementary fact about the right hand side of (3.5):
1, ifkj=r—1forallj=2,3,...,1,

i _
-1 _ ,,,j72k. { -
E J
Jj=2 >2

Using the formulation in (3.5), the probability in (3.4) can be written in the form

. (3.6)
, in all other cases.

r—1 r—1

= S S e ”P(ﬂ {xl B S /n})

ko=0ks=0 k=0 =2
=S1+ 85 +--+85,, (3'7)

where we have decomposed the full (m — 1)-tuple sum on the first line by grouping
its terms into sums S;, 1 < [ < m according to the following rules:

e The sum S, consists of the single term ko =---=k,, =7 — 1.
e For 2 <! < m—1, the sum S; runs over all ks,..., &k, € {0,1,...,r —1} such
that ko =--- =k =r—1,but kj1 #r — 1.

e The sum S runs over all ka,...,k, € {0,1,...,7 — 1} such that kg #r — 1.

It is easy to compute the number of terms in each sum. We use these numbers
as a part of the calculations below. Recall that according to our constraints on the
rate of growth of m we have r*=1z;/n € (0,1) for all n large enough. For all such

n we have
S = r(ml)P( ﬂ {Xl <1- rilzi/n}>

i=1

1—1
= p—(m=1) <1 _ Digism P Z) : (3.8)

n

é { <1- ri—lzi/n}>

(2

-1
r—1 1— maxi il T Z;
7l n

while for 1 <1< m — 1, we have

S, = [(T _ 1)7“7”_l 1 —(m 1)P(

r—1 (r—1)maxi<;< 7'z
= Tl — rl‘Hn = Al - Bl . (39)

Let j = 1,2,... and consider a pair (z,y) such that 0 < zr 7 <y < 2r=U=1, Let
1€{1,2,...,m—1}. The following cases are possible in (3.9).

Case 1 For some k € {0,1,...,5—1}, ¢ =1, while ¢j_p4y1 = ... = ¢, =0. In
this case
max 'z =l Pz,
1<i<!
so that
r—1)x
B, = 7( - ) :
rktlp

Note that this scenario is feasible only if [ — k > 1.
Case 2 ¢4 =0 for all integer d such that max{l —j+ 1,1} < d <. In this case

max r'z; = rly,
1<
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so that
(r—1y
™ ’

B =

We conclude that each occurrence of the pattern 10...0 (one followed by k
zeroes), k € {0,1,...,j — 1}, in the sequence ¢y, ..., ¢y,—1 contributes exactly
(r—1x
rkt+lnp
to the sum Bj + ...+ By,_1, while each occurrence of the pattern 0...0 (j zeroes)
contributes exactly

(r—1y
n
to that sum. It is elementary that the number of times the pattern 10...0 (one
followed by k zeroes) occurs in the sequence ¢1, . . ., ¢yy—1 is equal to fr, k— fim. k+1—0,

with § € {0,1} (6 = 1 if the number of zeroes at the initial positions of the sequence
(cn) is at least k) and the convention that f,, o = m. Therefore,

11
Sttt Smor =2 —

/'a’I'TL

’I“— 1 Z fmk fm k+1 (7" ;nl)yfm7] —‘,—O(l/n)’

rhtl

where the O(1/n) term comes both from the § correction above and from the fact
that the sum By +. ..+ B,,—1 can also contain some additional terms (r —1)y/(rn)
due to a possible presence of a string of initial zeroes in the sequence ¢y, ...,Cn_1
of the length smaller than j. We conclude by (3.7) that

-1 jilm —Jm -1
wo = C Y Sk St L2 otim).

Tk+1

Since m = m,, — 00 as n — 0o, we conclude by (3.4) that

mi (1 - P(an <1—a/n, My, <1— y/n)) (3.10)

j—1
fm k fm k+1 —(k+1) r—1 fm 7
— _ 1 n;s _ ns . >, 1
r-ve 3 ( ptern Loy s o)

o \ Mn Mn

k+1

Je = fea [

— 1z 1)y L

(r Z +(r =1y =
as n — oo. Therefore, (3.1) holds. An appeal to (3.2) proves (2.5) and, hence,
establishes part (b) of the theorem. O

Proof of Theorem 2.5. As in the proof of Theorem 2.1, it is enough to prove part
(b). We use once again the notation (3.4), but in this case it is convenient for us
to let the sequence m = m,, to consist of even numbers, so for 0 < y < = and a
positive even integer 2m we will consider

Aom = P{Mgm <1- z/n,Ms, <1 —y/n}

P{Xl 172’1/71 X2 172’2/71 X2m<12’2m/n}, (311)
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where z; is once again given by (3.3). It is appropriate now to let m = m,, — oo
sufficiently slowly with n so that 72™/n — 0. The parity of the time variables
is important now, so we will use a more detailed representation of the stationary
sequence (X,,) than in the proof of Theorem 2.1. Let us write

i—1

K3
Xoiq =r 22X, + ZT_2i+2j52j71 — ZT_2i+2j+1€2ja 122,
Jj=2 j=1
i—1 %
Xo; = —7‘72i+1X1 — ZT72i+2j+1€2j+1 + Z’/‘72i+2j62j, 1> 1.
j=1 j=1

Certain simple facts follow from the above representations. We will list them sep-
arately as they refer to the odd-numbered observations and to the even-numbered
observations. We write for each j ¢; = k;/r with k; € {1,...,r}.

The first simple fact is that for i > 2 the inequality Xg;—1 < 1 — 29;,_1/n holds
if and only if

i—1 i
X1 < T2i_2 + Z T2j—2k2j - Z ,r2j—3k,2j71 — r2i_22:2i,1/n. (3.12)
j=1 j=2

We will use the following elementary fact about the right hand side of (3.12):

i—1 7
,],,21—2 + E 7"2‘]_2]€2j _ § 7"2]_3]62]',1
Jj=1 Jj=2

{ =1, ifho=ks=-=kyo=1, ks=ks=---=ky_3=r,

. (3.13)
> 2, in all other cases.

The second simple fact is that for ¢ > 1 the inequality Xa; < 1 — z9;/n holds if
and only if

i—1 i
X > —p2iml Zrzjilkgj_;,_l + ZT2j72k2j + T2i71221/’n. (314)
j=1 =1

Once again, we will use an elementary fact about the right hand side of (3.14):

i—1 i
_p2i-1 _ Zer*lkng 4 Z P22y,
j=1 j=1
=0, %fk2:k4:"‘:k2i=’l"7 ks =ks = =ky1=1, (3.15)
< —1, in all other cases.

We proceed with a decomposition of the probability in (3.11) parallel to the decom-
position in (3.7), but now we have to be careful about parity of the time stamp.
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‘We write

A2y, = i i i T2m+1P<{X1<1—Zl/TL} N

ko=1kz=1 kam=1

m i—1 %
m {Xl < P22 + E T2j72k2j o E 7"2]73]{32]'_1 - 7‘212221'_1/71}
Jj=2

i=2 j=1

m i—1 i
ﬂ {X1 > 2l Zr2j_1k2j+1 + ZTQj—Zij + T2i—122i/n}>

i=1 J=1 J=1
=5 +Sg+"'+52m, (316)

where we have decomposed the full (2m —1)-tuple sum on the first line by grouping,
once again, its terms into sums S;, 1 < ¢ < 2m, according to the following rules:

The sum Sy, consists of the single term with ko = ky = oo = kap =1 and
ks = ks = -+ = kam—1 = 1. If we select n so large that z1 /n+1r7"'z;/n € (0,1) for
all 2 < j < 2m (this choice of n we remain in force for the duration of the proof),
then

2i—1

z T Z9;

Sop = rEMHIPIX) <1 - —I,Xl > max — =
n 1<i<m n

n n
The sum Ss,,_1 consists of r terms with ko = ks = --- = koo = 1 and
k3 =ks = -+ = ka1 = 7, while ks, can take any value in {1,2,...,7}. We have

o T oplxic1-7 x <1 L
2m—1 — r2m—1 1 XX n’ 1 X 221ia<}§n n

2i—2

= 22 <1 - Isiom T 22”). (3.18)
n

For 1 <1< m—1, the sum Sy runs over all kg, k3, ..., kom € {1,2,...,7} such
that kQ = s = kgl =T and ]fg = s = k‘zlfl = ]., but (k21+1,]€2[+2) 7é (].,T).

Clearly, this sum has (r2 — 1)r2™~21=2 terms and

r2—1 21 r2i—lz,,
Sy = —r5 |1 - = — max ———
r2li+ n 1<l n

2 2 2i
T —1<1 21> B (r* — 1) maxy i< 722

= 21 TR = Ay — By (3.19)
For 2 <1< m—1, the sum Sy;_; is taken over all ko, k3, ..., kopm € {1,2,...,7}

such that kg cee = kgl_g =1 and kg == k2l—1 =7, but (k2lak2l+1) 7é (1,7’).
This sum has (r? — 1)r?™~2~1! terms and

r2—1 7’2i_222i,1
Soi_1 = —a 1— max ——
r 1<i<! n

2 2 2i—1
r* =1 (r*—1)maxigi<i " " 22i-1

= 7«21 — r2l+1n = A2l—1 - Bgl_l. (320)
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Finally, the sum S; runs over all ko, k3, ..., ko € {1,2,...,7} such that both
ky # r and (kg, k3) # (1,7). This sum has r2m~1 —¢2m=2 _42m=3 jdentical terms,
so that

Si=(1—-r"'=r)(1=2/n). (3.21)

We proceed now in a manner similar to the steps we took to prove Theorem 2.1.
Let j = 1,2,... and consider a pair (z,y) such that 0 < zr=% <y < azr—(2-2),
We consider | € {2,...,2m — 2}. The following cases are possible in (3.19) and
(3.20).

Case 1 If for some k € {0,1,...,j — 1}, coj—ar = 1, while ¢gj_opy2 =+ =gy =0,

then max; ;< %22, = =22 and hence By is equal to

(r2 —1)x

Similarly, if for some k € {_0, 1,...,5 — 1}, cop—9k—1 = 1, while ¢gj_op41 = -+ =
coi—1 = 0, then maxi i 721z 1 = r2=2k=1p and By, is still given by (3.22).

Case 2 If coq = 0 for all even integers 2d such that max{2l —2j + 2,2} < 2d < 2I,
then maxj¢ig 72z = r2ly, and By; is equal to

(r* =1y

2
2, (3.23)

If cog—1 = 0 for all odd integers 2d—1 such that max{2l—2k—1,1} < 2d—1 < 2[—1,
then maxy ;<) 7% 1291 = r2=1y, and By, is still given by (3.23).

Let us denote by I (10...0) the pattern one followed by k zeroes on consecutive

positions of the same parity, where k € {0,1,...,5 — 1}. Each occurence of such
pattern in the sequence co, ..., coy—o contributes exactly
(r?2 —1)x
r2k+2g

to the sum By + -+ + Bo,,—2. Each occurence of the pattern “j zeroes on the
consecutive positions of the same parity” contributes exactly

(r* =1y
r2n

to that sum. The number of times the pattern II;(10...0) occurs in the sequence
C1,...,Com—_2 1s equal to me,QVk — f2m727k+1 — 8, where § € {0,1,2} depends on
the initial strings of zeroes on even and odd positions in the sequence (¢,), with
the convention fgm’o = 2m. As in the proof of Theorem 2.1 we conclude that

L ~
(r* =1z <« f2 ok — fom—2p41 (P —1)y ;

agm =1— n Z - 7421c+2m T2, fom—2,; + O(1/n).

k=0
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Since m = m,, — 0o as n — 0o, we conclude by (2.6) that

i<:I-_-P<-Z/—\Z2m<]-_£7]\42m<]-_g)>
2m n
i-1 ; ;
f2m 2,k f2m—2,k+1 —(2k+2 2 f2m,—2,j
1"11'2( S PR (2 1)y 2 +o(1)
—1

2 fr — frra fi

*)(T' 71)1’ W‘F(T‘ 71) 2

k=0

as n — 00, so (3.1) holds, and the statement of part (b) of the theorem follows
from (3.2). O

4. CONDITION D(uy,,vy,)

In this section we prove the claim made at the beginning of Section 3. Specifically,
if 2,y > 0 are in the range 0 < xr—7 < y < xr~U~1 for some positive integer j,
then, under the assumption that the limit fj in (2.4) exists for all k = 1,...,,
the statement (3.1) for positively correlated uniform AR(1) processes implies that
the limit in (2.1) exists, and is given by (3.2). The argument in the negatively
correlated case (under the assumption that the appropriate limits in (2.6) exist) is
similar.

We start with the definition of the D(uy,v,) condition and a discussion of how it
applies to the uniform AR(1) processes.

Definition 4.1. Let (X,,) be a stationary process and (u,) and (v,) two sequences
of real numbers. The condition D(uy,,v,) is satisfied, if for all sets Ay, As, By, B
of positive integers such that A; N Ay =0, By N By = () and

b—a>1 for all G;EA1UA27 be By U Bs,

the following inequality holds

Pl N pswin 0w -

jEAIUB; JEAUB>

P< N X <udn N {X; < vn}) P( N {X; <ualn N {X; < vn}>'

JEAL JEA2 JjE€EB1 jEB2
< Qnp 1, (4:1)

with ay, g, — 0 as n — oo for some I, = o(n).

We claim that the positively correlated uniform AR(1) processes satisfy the
bound (4.1) with u, =1 —y/n, v, =1 —x/n, where x > 0, y > 0. Moreover, we
can choose o, ; to be independent of [ > 1, but depending instead on the cardinality
of A; U As. Specifically, (4.1) holds with the right hand side given by

N _ max(xz,y) log(mmax(x,y)) 1 r

4.2
n logr nl—1/r (42)

where m = card(A; U As).
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In order to establish the above fact, denote

A1 (un) ﬂ {X; <un}, A2 (vn) m {X; <},

JjEAL JEA2
= (X <un}y Balva) = () 1X; <val,
JjE€EB1 JEB>

An(Ar, Ag, By, Ba) = P (A (un) Ao (vn) B () Ba(vn)

P (L(un)ﬁg(vn)) P (El(un)ég(vn))
Since the process (X,,) is, obviously, associated, it follows that
O g ATL(A17 AQa Bl7 BQ)

—p (ﬁl(un)ﬁz(vn)) {P (El(un)ég(vnﬂgl (un)lz(vn)) s (él(un)éz(vn))}

—p (/L(un)ﬁz(vn)) (P — Py).

Let i, = max(A; U A). To bound the difference P; — P, we will use a coupling
argument, and we start by outlining its general structure. Let X, Xo,ei,i=1,2,...
be random variables defined on some probability space, satisfying the following
conditions. Both Xo and Xo take values in (0, 1), Xo has the standard uniform
distribution, and X, — Xy < 6 a.s. for some nonrandom 6 € (0,1). Further,
(Xo, XO) are independent of an i.i.d sequence (g;) of random variables taking values
{0,1/r,...,(r —1)/r} with equal probabilities. Define

Xi=r""Xo+ Y r e i=1,2,...
j=1

Xi=r"Xo+ Y r e i=12....
j=1

Let C and D be two disjoint finite subsets of {l,{ +1,...}. Then
P(Xi<un,zECX vn,zGD)

P(X; =170 <up,i€C, X; — 10 < vy, € D)
P(X <un,z€CX vn,zeD)

+ZPun<X Up +770) +ZPvn<X Up +770) .
icC €D

NN

Therefore,

P(X Lup,t€C, X; < vn,1€D) P(X Uy, 1 € C, X; < vn,zeD) (4.3)

<Y om0 maxe )= D
i=l

1<i<log(n0)/ logr i>log(nf)/logr

< max(x,y) log(nf) 1 r

- n logr nl—1/r

We now use (4.3) to estimate the difference P; — P,. To this end we need to couple
two random variables, X; with its unconditional standard uniform distribution,
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and the same X, with its conditional law given X; < u,,i € A; and X; < v,,i €
As. In the coupling the latter random variable is X in the computation leading
to (4.3), and the former random variable is Xo. We need to couple these random
variables in such a way that the resulting difference 6 is small.

Note that the conditional law of X;, given X; < u,,i € A; and X; < wv,,i € Ay
is uniform on some subset of (0,1), consisting of some finite collection of intervals.
Each condition of the type X; < w,,i € A; removes some subintervals of (0,1)
of total length y/n from the support of the conditional law of X, , while each
condition of the type X; < v,,i € Az removes some subintervals of (0,1) of total
length 2/n from the same support. If m = card(A; U As), then the total number
of conditions is m, and the conditional law of X; given X; < u,,i € A; and
X; <wp,i € Ay is uniform on a finite union of subintervals of (0,1) of total length
at least 1 — (m/n)max(z,y). According to Lemma 4.2 below, we can achieve
coupling of Xy and X, with 6 = (m/n) max(x,y). Therefore, by (4.3),

max(z,y) log(mmax(z,y)) 1 r

P—P < =
! 2= logr nl—1/r

and, hence, (4.1) holds with the bound in (4.2).
Lemma 4.2. Let 0 < v < 1 and let Xy be a random variable with the uniform
distribution on a finite union of disjoint subintervals of (0,1) of total length y. Then

there is a coupling of Xo with a standard uniform random variable Xy such that
Xo—Xo<1—7vas.

Proof. Let the support of Xy be the disjoint union of (h;, h; +p;), i =1,...,k with
0< hy <hi+pr < h%< hot+pe < ...< hp < hip+pr < 1with pr+pa+...4+pk = 7.
We couple Xy and X as follows. Generate Xo. If X € (hi, h; + p;) for some
i=1,...,k, we set
Xo=Xo/v+ (p1+ ... +pic1 — hi) /-
It is elementary to check that X, has the standard uniform distribution. If X, €
(hi, h; +p;) for some i = 1,... k, we have
Xo—Xo=Q1/y=1)Xo+ (pr+... +pi-1 — ki) /v
<@/y =1 (hi +pi) + (p1+ ... +pi1 — hi) /v
=—(hi+pi)+P1+...+pi-1)/v
— (P14 P+ i)+ (P14 pim i)/
(1/y=1)(p1+ ...+ pi—1 +pi)
<A/y=1v=1-7,

as required. 0

N

We are now ready to prove that (3.1) implies that the limit G(x,y) in (2.1) exists
and (3.2) holds. Let m = m, — oo be a sequence of positive integers such that
my/n — 0 and (3.1) holds. Choose another sequence of positive integers, | = 1,, —
oo such that I, /m,, — 0 asn — oo. Let k = [n/(m+1)]. For 0 < y < « we consider
the difference

— N k
A:P{Mngl—a:/n, Mngl—y/n}—[P(Mmgl— x/n,Mmgl—y/n)} .
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We will prove that A — 0 as n — oo. This will clearly imply that the limit in (2.1)
exists, and is given by (3.2). Decompose N,, = {1,2,...,n} = ([1UJ;)U ([ UJ3)U
RN (Ik U Jk) U Iy with

L={m+)GE-1)4+1,....(m+0(E—-1)+m}, 1<i<k,
Ji={mi+li—1)+1,...mi+1G—1)+1}, 1<i<k
Iivi={(m+Dk+1,...,n}.

For 1 < i < k we set
M(IZ) =max{X;|j € I;,c; = 1},
M(I;) = max{X;|j € I,},
A = {1\7(11-) <l—a/n, ML) <1- y/n}~

Using the notation AjAs ... Ay for the intersection of k events, it is clear that |A|
does not exceed

‘P {Mn <l—2z/n, M, <1-— y/n} - P {M(m+l)k <1—x/n, My, <1— y/n}‘
+ ‘P{M(mﬂ)k <l—a/n, Mk <1 *y/n} — P(A1 Ay ... Ay)
n ‘P(AlAQ A — [P(Al)]’“)
= A1+ Ay + As.
Since 1 —z/n <1 —y/n,
{J/\Z{(m+l)k <1- x/n, M(m—i—l)k <1- y/n} \ {Mn <1- .’ﬂ/?’L, M, <1- y/n}

n

C U {X; >1—z/n},

J=(mt k41
and, hence,
A< (m+)P{X1>1—z/n} =(m+z/n—0 as n— .
Similarly,
Ay < lk:P{Xl >1-— x/n} =lkx/n—0 as n— co.
Further, we can write
Az < [P(A1Ay... Ag) — P(A1)P(Az) ... P(Ay))|
+|PanP(as).. P(ay) - [P(an)|
= AL+ AL

Since each set I; contains m numbers, by a repeated application of the D(uy,v,)
bound (4.1) with (4.2), we obtain

max(z, y) log(mmax(z,y)) 1 r
m log r ml—1/r

Al < kap,m < =0

since m — 0o as n — 00, S0 it remains to consider Af.
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For 1 <i<klet
_ (m+1)(i—1)+m—j+1
fy(r?J = 1ci=cip1 =" =cipj-1=0)
i=(m+1)(i—1)+1
be the number of times the pattern 00...0 (j consecutive zeros) appears in the
stretch of the sequence (¢, n € I;). Since the limit in (2.4) is assumed to exist, we
know that ffnl)j/m = fm,;/m — f; as m — oo and, similarly, for i > 2,

foi _ fenanems  (mADi-1)+m
m (m+DGE—-1)4+m m
~ Sy, (mADGE-1)
(m+1)(i—1) m

= firi—fi-(i—-1)=f;

as m — oco. In the proof of Theorem 2.1 we showed that this impies that

J=1 (&) _ ¢@)
P(AZ) -1— (T B 1)$ Z fm7d fm,d+1 _ (T ;nl)yf’r(:;?J + O(l/n)

n pd+1
d=0
j—1 ¢(3) (2)
(r— 1)z g = fraer (r =Dy L
= exp {_ < n Z rd+1 - " fy(n?] + O(l/n) ’
d=0

i=1,2,.... Consequently,
P(A1)P(As) ... P(Ag)

; =1 46 _ 4 o
— exp {_Z ((T —nl)iﬂ 3 fm,drdﬁn,dﬂ _(r ml)yfr(;?j> } + O(k/n)

i=1 d=0

j—1
= exp {— <(T e B = ;nl)yfn,j> + O(k:l/n)} +O(k/n)
d=0

— eXp{—H(m,y)}
as n — 00. Since we also have
[P(A)]" — e HEw)

as n — 0o, we have proved that A} — 0.

Acknowledgement We are grateful to two anonymous referees whose com-
ments led to a major improvement of the presentation in this paper.

REFERENCES

B. BasraK and J. SEGERS (2009): Regularly varying multivariate time series.
Stochastic Processes and Their Applications 119:1055-10180.

M.R. CHERNICK (1981): A limit theorem for the maximum of autoregressive pro-
cesses with uniform marginal distributions. Annals of Probability 9:145-149.

M.R. CHERNICK and R.A. DAvis (1982): Extremes in autoregressive processes
with uniform marginal distributions. Statistics and Probability Letters 1:85—88.



18 L. GLAVAS, P. MLADENOVIC, AND G. SAMORODNITSKY

R.A. Davis (1979): Maxima and minima of stationary sequences. Annals of Prob-
ability 7:453-460.

A. HaLL and J. HUSLER (2006): Extremes of stationary sequences with failures.
Stochastic Models 22:537-557.

A. HaLL and M. ScoTTO (2008): On the extremes of randomly subsampled time
series. Rewvistat Statistical Journal 6:151-164.

A. JANSSEN and J. SEGERS (2014): Markov tail chains. Journal of Applied Prob-
ability 51:1133-1153.

M. LEADBETTER (1974): On extreme values in stationary sequences. Zeitschrift
fir Wahrscheinlichkeitstheorie und verwandte Gebiete 28:289-303.

M. LEADBETTER (1983): Extremes and local dependence of stationary sequences.
Zeitschrift fiir Wahrscheinlichkeitstheorie und verwandte Gebiete 65:291-306.
Y. MITTAL (1978): Maxima of partial samples in Gaussian sequences. Annals of

Probability 6:421-432.

P. MLADENOVIC (2009): Maximum of a partial sample in the uniform AR(1)
process. Statistics and Probability Letters 79:1414-1420.

P. MLADENOVIC and V. PITERBARG (2006): On asymptotic distribution of max-
ima of complete and incomplete samples from stationary sequences. Stochastic
Processes and Their Applications 116:1977-1991.

P. MLADENOVIC and L. ZIVADINOVIC (2015): Uniform AR(1) processes and max-
ima on partial samples. Communications in Statistics - Theory and Methods
44:2546-2563.

M. ScotTo (2005): Extremes of a class of deterministic sub-sampled processes
with applications to stochastic difference equations. Stochastic Processes and
Their Applications 115:417-434.

J. SEGERS (2007): Multivariate regular variation of heavy-tailed Markov chains.
Discussion Paper 0703, Institut de statistique, Université catholique de Louvain.

FACULTY OF MATHEMATICS, UNIVERSITY OF BELGRADE, STUDENTSKI TRG 16, 11000 BELGRADE,
SERBIA; E-MAIL: LENKA@QMATF.BG.AC.RS

FACULTY OF MATHEMATICS, UNIVERSITY OF BELGRADE, STUDENTSKI TRG 16, 11000 BELGRADE,
SERBIA; E-MAIL: PAJAQMATF.BG.AC.RS

SCHOOL OF OPERATIONS RESEARCH AND INFORMATION ENGINEERING AND DEPARTMENT OF STA-
TISTICAL SCIENCE, CORNELL UNIVERSITY, ITHACA, NEW YORK 14853, E-MAIL: GS18@QCORNELL.EDU



