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Truncated fractional moments of stable laws
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Abstract

Expressions are given for the truncated fractional moments EX¥ of a general
stable law. These involve families of special functions that arose out of the
study of multivariate stable densities and probabilities. As a particular case, an
expression is given for F(X —a); when a > 1.
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1. Introduction

A univariate stable r.v. Z with index «, skewness 3, scale v, and location §
has characteristic function

p(u) = ¢(ula, B,7,0) = Eexp(iuZ) = exp(—y [lu| +ifn(u,a)] +iud), (1)
where 0 < @ <2, —1<8<1,v>0,6 € R and

_ [ —(signu) tan(ra/2)|u] a#1
) = { (2/m)ulnu a1,

In the notation of [Samorodnitsky and T: (1994), this is a S (v, 3,0) dis-
tribution. We will use the notation X ~ S(«,3,7,d;1) (the “1” is used to
distinguish between this parameterization and a continuous one used below).

The purpose of this paper is to derive expressions for truncated fractional
moments EX? = E(X1{x>0})P for general stable laws. To do this, define the
functions for real z and d

/ cos(xr + Bn(r,a))rite™" dr 0<d<oo

ga(zla, B) = oo

/ [cos(zr + Bn(r,a)) —1]r?Ye™ dr —2min(1,a) <d <0
0
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/ sin(zr + Bn(r, ) r¢~te™ dr —min(l,a) <d < oo

ga(zle, B) = foo

/ [sin(zr + Bn(r,a)) —azr]r e ™ dr a>1, —a<d< —1.
0

The functions g4(-|c, 8) and ga(-|cr, 8), for integer subscripts d = 1,2,3,...
were introduced in |Abdul-Hamid and Nolan (1998). (The notation was slightly
different there: a factor of (27)~¢ was included in the definition and g (=, 3)
was used instead of gq(x|a, 8), while ¢ 1(x,3) was used instead of g1 (x|a, §).)

The expressions for EX? will involve the functions g_,(-|a, 8) and g (-|o, 5),
i.e. negative values fractional values of the subscript d. Before proving that re-
sult, we show that the functions gq(-|a, ) and g4(-|c, 8) have multiple uses.
For a standardized univariate stable law, Fourier inversion of the characteristic
function shows that the d.f. and density are given by

~ @zl 6) ~ Go(0las 5) @)
faled) = —gi(ela, )

F(zla, ) = F(Ol, B) =

We note that there are explicit formulas for F(0|«, 3) when a # 1.

The g4(+|e, B) functions are used in a similar way to give d-dimensional stable
densities, see Theorem 1 of /Abdul-Hamid and Nolan (1998) (note that there is a
sign mistake in that formula when a = 1), and Nolan (2017) uses both g4(|a, 5)
and g4(-|a, B) to give an expression for multivariate stable probabilities.

Another use of these functions is in conditional expectation of X5 given
X1 = x when (X7, X2) are jointly stable with zero shift and spectral measure
A. In general, the conditional expectation is a complicated non-linear function;
here it is restated in terms of these functions. If @ > 1 or (o < 1 and (5.2.4)
in [Samorodnitsky and Tagqu (1994) holds), then Theorems 5.2.2 and 5.2.3 in
Samorodnitsky and Tagqu (1994) show that the conditional expectation exists
for z in the support of X7 and is given by

E(Xs|X) = 2) =
1— (x/m)g1(x/7la, Br)
“$+”[ i@/ le 61) /71 azl
ot T gi((x = p)/m = (2B1/m) Inn|1, B1) a=18 40
71 g1(z/711, 1)
T — {1
co+ 1 -
teo {(1 —Iny)gi1((z = p1)/M|1,0) + ha((z = p1)/11]1,0) a=1.6 =0,
g1(x/7]1,0)

where 7 and 1 are the skewness and scale parameters of X7, and the constants
and function hq(-|1,0) are given by

2
o = ——/321n|51|A(ds)
7T

S



K1 + B tan®(ra/2) ks
o =  niratma) O
K2 /P a=1,0#0
K1 o = 1, 61 =0
tan(rar/2) (k2 — Brka)
W~ I nOrBwima) 7!
(k2 — Pik1)/B1 a=1p0#0
—2%2/71’ a=1 6120
B [y 287~ A(ds) a#l
mo= X )= { fz 3231 0> A(ds) = [; s2sign(s1) A(ds) a=1

Ro = /52|51| -1 A(dS)
S

2
o = ——/slln|sl|A(ds)
T Js
h(z|1,0) = / cos(xr)(logr)e™"dr.
0

In the terms above, S is the unit circle and [X2, X;] is the a—covariation. Note
that if A is symmetric, then cg = ko = 81 = 1 =0, so ¢ = 0 and

[X27X1]
i

E(X2|X1 = x) =
M

is linear.

2. Truncated moments EX_’;_

The main result of this paper is the following expression for the fractional
truncated moment of a stable r.v.

Theorem 1. Let X ~ S (a,8,7,6;1) with any 0 < a < 2 and any —1 < <1

and set
PR Kkl a#1
T 6/y+(2/m)Blogy a=1.

For p < «, define m¥(«, 8,7,0) = EXY.
(a) When p =0,

mo(aaﬁa’% ) P(X>0) 50(_6*|a7ﬁ)'

l\D|}—‘
=1|H

When 0 < p < min(1, a),

R I e e )

— 08 (Z2)g—p(—0"|av, ﬁ)} )



Whenp=1<a <2,
5*

w0, 8.8) = |5+ 3 (L= 1/a) = goa(-5[a 8)].

When 1 <p<a <2,

w(a87:6) = 27T L oy (R ja )

reosc) (L0 = p)/0) = G105 |

(b) EX? = E(-X)% = mP(a, — 3,7, —9).

Proof (a) To simplify calculations, first assume v = 1; the adjustment for
v # 1 is discussed below. When p =0, EX{ = [[°1 f(z)dz = P(X > 0), and
@) and go(z|a, B) — 7/2 as x — oo gives the value in terms of go(-|av, B).
When 0 < p < min(1, «), Corollary 2 of [Pinelis (2011) with & = ¢ = 0 shows

Lip+1) [7 o ou)—1
pxy = 12 /O RO (3)
First assume « # 1 and set ¢ = ((a, ) = —ftan =~ and restricting to u > 0,
dlu) =1 —u (14iC)+idu N o—i(r/2)p) , —p—1
(uyptt ([e 1} (=i)e ) Y

(—i (e_“ [cos(du — Cu )+ isin(du — (u )] — 1) e_i(”/z)p> u P!

([e*“ sin(du — Cu ) — i (e*“ cos(0u — Cu ) — l)} [cos (z2) — isin(%)]) u Pt
And therefore

%% _ [COS(%)eiu sin(5u —Cu ) — sin (Z2) (67“ cOS(5U —Cu ) - 1):| w P1
= cos(Z2)sin(éu — Cu Ju P e "

— sin (%2) ([cos(du —Cu )= u P le™ 4 (e — 1)u_p_1>
Integrating this from 0 to oo, substituting ¢ = « in the last term to get

P20 s 55y (bl 5) — sin () lg-p(—3lar ) ~ (1 = pf) /)]

EX? =
Next consider 0 < p < a = 1. Use (@) again, so we need to simplify

)P



= (—i (e™* [cos(6u — Bn(u,1)) + isin(du — Bn(u,1))] — 1) e_i(”/mp) u P!
= ([e"sin(6u — Bn(u,1)) —i (e~* cos(du — Bn(u,1)) —1)]

X [cos () — dsin (%)) u P!
= [cos (zzye” “sin(ou — fn(u, 1))

— sin (z2) (e (cos(du — Bn(u, 1)) — 1) + (" — 1)) ] w Pl
Integrating from 0 to oo yields

Flp+1)

EXY = [— cos (52)g—p(—0|1, B) — sin (52) {g—p(—6]1,8) — (1 — p)/p}].

When p =1 < a < 2, EX exists and is equal to 4. Using Corollary 2 of
Pinelis (2011)) with k£ =1, £ = 0 shows

EX) = %EX+ 1) /mﬁ%d’(“) =2y E/M%LU) —Lau.
0 0

T (tu)ptt 2 7 (fu)Pt1

The integrand is the same as above, with cos (Z2) = 0 and sin (%) = 1, so

o 1
EX, = 3 7 [9-1(=6le, B) = T'(1 = 1/a)] .
When 1 < p < a < 2, Corollary 2 of [Pinelis (2011) with & = ¢ = 1 shows
p +1) —1—wkX
EX? = / §R Gy du, (4)

Since a > 1, FX exists and is equal to . As above, for u > 0,

P(u) — 1 —iud s Veise | o N
(zwﬁ = ([e (14iCu )+id _1_25,&} (—z)e (/Q)p)up 1

= (—i (6771 [cos(du — Cu )+ isin(du —Cu )] —1— i§u) eii(”/z)p) u Pt

B [(e_u sin(du —Cu ) — 5u) —1 (e_u cos(du — Cu ) — 1)}
x [cos (32) — isin ()] u P!
And therefore

3%gi)(u) —1—dud

(fu)ptl

e sin(du —Cu ) — 5u)

= [cos(%)

/N

—sin(z2) (e™ cos(du — Cu ) — 1)} u Pt
= cos(%) ([sin(6u — Cu ) — Suju"Ple™* + (e —1)u_p)

—sin (z2) ([cos(du — Cu ) —1u P e ™ + (e — 1)u_p_1)



Plugging this into (@) and integrating yields

ext = TP oo o) gy (~10.8) + (0/0)(T((1 - p)/a)]

+sin () [~g-p(~0la, ) + T(1 = p/a) /] }
Now consider v # 1. If X ~ S(a,f,7,0;1), then XgﬂyY, where YV ~
S (o, 3,1,0%1), so EXY =~PEYY. In symbols,
mp(au 67 v, 5) = mep(au 67 17 5*)
(b) This follows from —X ~ S (a, —3,7,—9;1). ]

When —1 < p < 0, we conjecture that

SJLp+1) [

mp(aa 6777 5) =7 - Sin(%)g—p(_éﬂaaﬁ) - COS(%)g—p(_éﬂaaﬁ)] .

3. Related results

There are several corollaries to the preceding result. First, taking p =1 in
the previous result shows the following.

Corollary 2. If X ~ S (o, 8,7,0;1) witha>1, -1<8<1,a€eR
0— 1 0—

E(X —a)y = aJFl{P(l__)_g—l( aaﬁ)]'
2 m « ¥

Combining parts (a) and (b) of Theorem [I] yields.
Corollary 3. If X ~S(a,8,7,8;1) with0<a <2, -1<<1, -1<p<a.

2l(p+1) . Tl —p/a N
BIX|P = WP% s (7F) <¥l{p>0} —g-p(—6 |a,ﬁ)>
2I'(p+ 1 T (1 —p)/a _ .
pxer O g (FUODNO g o).

Proof E|X|P = EXP"+EX"? =mP(a,B,7,0)+m? (o, —f,v,—0) and EX <P~ =
m? (e, 8,7,8) — mP(a,—fB,7,—0). Use Theorem [Il and the reflection property:
ga(—z|a, B) = ga(xz|a,—B). Note that as p — 0, F|X[? - E1 = 1 and
EX<P> — —(2/m)go(6*|a, 8) = P(X > 0) — P(X < 0) =1—2F(0). Also
asp — 1, EX<P> — 6. O

In the strictly stable case, the expressions for EX% can be simplified using
closed form expressions for gq4(0|a, 8) and g4(0|a, B) when a # 1. To state the
result, set

a~larctan (Btan =) a#1

90:90(a’ﬁ):{w/2 a=1.



Lemma 4. When a # 1,

(cos aflp)¥ cos(d 0)T(1 + d/a)/d d>0
940, B) = (In(cos aby)) /v d=0
[(cos al) ¥/ cos(dby) — 1] T (1 + d/a)/d —a<d<0

{ —(cos afp)¥sin(d 6o)T(1 + d/a)/d d € (—a,0) U (0,00)

74(0
B0le.s) = { <0

Proof Substitute u = r in the expressions for gq4(0|a, §) and gq(0|a, §). Then
use respectively the integrals 3.944.6, 3.948.2, 3.945.1, 3.944.5, and 3.948.1 pg.
492-493 of |Gradshteyn and Ryzhik (2000). (Note that some of these formulas
have mistyped exponents.) Finally, when o # 1, afy = — arctan(, and for the
allowable values of a and 6,

cosafy = |cosaby| = (1 + tan® aby) ™12 = (1 4+ ¢2)~1/2,

The following is a different proof of Theorem 2.6.3 of [Zolotarev (1986).

Corollary 5. Let X be strictly stable, e.g. X ~ S («,3,7,0;1) with « # 1 or
(a=1and f=0) and 0 < p < a.
(a) The fractional moment of the positive part of X is

~P (1 —p/a)sinp(r/2 + 0y)
(cosablp)P/> T(1—p) sin(pr)

EX? =

(b) The fractional moment of the negative part of X is EX? = E(—X)", which
can be obtained from the right hand side above by replacing 6y with —6y.

When p = 1, the product I'(1 — p) sin(np) in the denominator above is inter-
preted as the limiting value as p — 1, which is 7.

Proof Note that when X is strictly stable, 6* = 0. First assume 0 < p <
min(1, @) and substitute Lemma [ into this case of Theorem [II

YL +1)
™

— cos(mp/2)(— cos(aby) P/ sin(—pb

N Wpriilols)ie%le 1) fsn(mp2) cos(pho) + cos(mp/2) sin(pf]

_ APT(p+ I —p/a) .
a 7p(cos aly )P/ sin(mp/2 + pbo)

)F(l :12)9/04)}

EX? = ————— [sin(ﬂ?/?) (W - ((cos ally) TP/ cos(—pby) — 1) L =p/a) —p/a))

—-p



Using the identity I'(p 4+ 1) = 7p/(T'(1 — p) sinpr) gives the result.
When p = 1 < @, again using the appropriate part of Theorem [1 shows

EX. = v {0 + % (F(l —1/a) - ((cos aby) ™ cos(—bg) — 1) ra _11/04)”
= M {cos aby) /e cos(@o)} :

When 1 < p < a, using Theorem [Il and §* = 0,
p _ _
EX? = Prp+1) [Siﬂ(wp/?) (M _ ((cosa@o)*”/“ cos(—po) — 1) ra p/a))
m p

w4
I'(l1-p/a)

)

+ cos(mp/2) (0 — cos(aﬁo)_p/o‘ sin(—p@o))

and the rest is like the first case. O

The standard parameterization used above is discontinuous in the parame-
ters near o = 1, and it is not a scale-location family when o = 1. To avoid this,
a continuous parameterization that is a scale-location family can be used. We
will say X ~ S (a, 8,7, 0;0) if it has characteristic function

exp(iuX) — 4 &P (=7 lul [1+iB(tan =) (signw)(Jyul*~ —1)] +idu) a#1
Bexp(iuX) {exp (—=y|ul [L +iB8(2/7)(signu) log(y|u|)] + idu) a=1.

A stable r. v. X can be expressed in both the O-parameterization and the 1-
parameterization, in which case the index «, the skewness 8 and the scale v are
the same. The only difference is in the location parameter: if X is simultane-
ously S («, 8,7, 00;0) and S («, 8,7, 1; 1), then the shift parameters are related
by

51_{50—ﬂ’ytan% a#1

o — (2/m)Bylogy a=1.

Therefore, if X ~ S (o, 8,7, do; 0),

mp(a,ﬂ,”y,do— (2/7T)ﬂ710g7) a=1.

This quantity is continuous in all parameters.

For the above expressions for EX® to be of practical use, one must be able
to evaluate gq(-|a, 8) and ga(-|a, 3). When d is a nonnegative integer, [Nolan
(2017) gives Zolotarev type integral expressions for these functions. However,
this is not helpful here, where negative, non-integer values of d are needed.
We have written a short R program to numerically evaluate the defining in-
tegrals for g4(-|cr, B) and gq(-|r, B). A single evaluation takes less than 0.0002
seconds on a modern desktop. This faster than numerically evaluating EX? =

fooo a? f (z|a, B, 7, d)dx, because the latter requires many numerical calculations
of the density f(z|a,8,7,0).

EXi_{mp(aﬁ,%éo—than%) azl
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