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Abstract
We analyse a trimmed stochastic process of the form (") X, = Xi—> Agi),

where (X¢)>0 is a driftless subordinator on R with its jumps on [0, ¢] drdered
as A,gl) > A§2) ---. When r — oo, both (WX, | 0 and Agr) 1 0 a.s. for each
t > 0, and it is interesting to study the weak limiting behaviour of ((””)Xt, AY))
in this case. We term this “large-trimming” behaviour. Concentrating on the

ization, assuming extreme value-related conditions on the Lévy measure of X

case t = 1, we study joint convergence of ((’")Xl7 AY)) nder linear normal-
!

which guarantee that A has a limit distribution with linear normalization.

Allowing (M X to have random centering and scaling in a natural way, we show

that (( X1, AY) ) as a bivariate normal limiting distribution, as r — co; but

replacipg the randpm normalizations with natural deterministic ones produces

non-normal limits which we can specify.
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1 Introduction

Suppose (X¢)i>o is a driftless subordinator with infinite Lévy measure II and tail
function T(x) := M(x,00), z > 0. Thus, (X;) has Laplace transform EFe Xt =
e W) ¢ >0, where

P(N) = /é )(1 — e )I(dz), A > 0.

*Research partially supported by ARC Grants DP1092502 and DP160104737. S. Resnick was
also partly supported by Army MURI grant W911NF-12-1-0385 to Cornell University and acknowl-
edges with thanks hospitality and support from the FIM - Institute for Mathematical Research,
ETH Zurich in April 2017. Resnick also acknowledges hospitality from the Department of Mathe-
matics, Oregon State University in January 2018.

Email: Yuguang.Ipsen@anu.edu.au; Ross.Maller@anu.edu.au; sirl@cornell.edu


mailto:sir1@cornell.edu

Let A" be the rth largest jump of X; on [0,¢], t >0, r e N:={1,2,...}. The
trimmed subordinator is defined to be "X, = X, — o lAf), t>0,reN In
Buchmann et al.| (2018)); Ipsen et al.| (2018) we considered distributional properties
of AY) as a function of r and here we continue that study by considering the joint
weak limiting behaviour of ((T)Xt,AET)) hAs 7 — 00. As 1 — oo, WX, | 0 and
A" L0 as. for each t > 0, but conditidnally on A" we may consider VX, as a
Lévy process with Lévy measure restricted to (0, AY)) (e.g., [Resnick| (1986))). So as
r — oo and big jumps are removed from )X, it makes sense that we expect (X
should have a Gaussian weak limit after centering and norming. We focus on the
case t = 1 and write simply ((’”)X, A(T)) for (( X, AY)) the case of general ¢t > 0
is considered briefly in Section . ( <

The approach we take is to assume conditions on II guaranteeing that A has
a limit distribution under linear normalization, and then prove that a normal limit
distribution of " X conditional on the value of A" also exists as r — oco. For finite r,
we denote the conditional distribution with the notation ™ X|A®. The conditioned
limit of X |A®) initially requires a natural random centering and random scaling
to achieve asymptotic normality. Having derived that, we then investigate replacing
the random centering and scaling with deterministic versions.

According to (Buchmann et al., 2018, Section 4.2), there exist scaling functions
a, > 0 and centering functions b, € R such that, as r — oo, weak convergenceﬂ
holds in R:

Al —
—b’“ = A (1.1)
ay
with A non-degenerate, if, for € R such that a,x + b, > 0,
~Tayx + by
Nl Gl )<:h(x), (1.2)
r—00 \/F

where h(z) € R is a non-decreasing and non-constant limit function. The function
h(x) has the form (see Buchmann et al.| (2018), Eq. (4.2)):

() = ﬁ% log(1 —~z), ifyeR\{0}, 1—~z >0, (1.3)

ifty=0,zeR.

We can identify the distribution of the limit random variable A in terms of
the inverse function A of h. From (|1.3)) this function satisfies, for y € R,

/2, if v =0,

- — e /2
1 — /2 e :
v
elv/2 _ 1

, ify <0.

Al
'We use the symbol “=" to denote weak convergence in R or R2.
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We note that ™ : R — R, where, for v € R,

: if y=0,
R,:={z€eR:1—~yzx>0}= oo,%), if v >0,
ﬁ),oo), if v < 0.

Taking inverses in ([1.2)), we get an equivalent form

mnﬁe”_yVB_hrzmxw, y €R, (1.5)

r7—00 a,,

where the inverse function I to II is defined by
O (z) = {infy > 0:O(y) < z}.

From (|1.4) we have h*(0) = 0, so from (|1.5) we deduce for y € R,

mnﬁHW—y¢ﬂ—iTYﬂ _ hm(fkﬁy¢ﬂbrﬁ*@)@>
— " (y) — h(0) = ™ (y). (1.6)

We conclude that for centering constants we may always set b, = II (r) (appropriate
norming constants a, will be specified later).

The convergences in (|1.2)), (1.5) and (1.6)) are locally uniform since they are

convergences of monotone functions to a continuous limit. Recalling the notation in

(1.1), we have under ((1.2) that

(AT b ()
rlg&P(@—r < x) =P( <z)=o(h(z)) [z €R, (1.7)
where ®(z) is the standard normal cdf. (This will be proved in"(3.1)) below, or see
Buchmann et al.| (2018)). Thus A 2 R (N(0,1)) where N(0,1) is a standard

normal random variable.

Remark 1.1. Since we assume only positive jumps for the Lévy process, II(-) con-
centrates on (0,00). This implies that the case v > 0 in or cannot
occur. From the discussion in [Buchmann et al. (2018), (1.2]) means that the func-
tion G(z) := e~VI@ defined on (0,00) is a distribution function in the minimal
domain of attraction, which for the v > 0 case would require G(z) to be regularly
varying as z — —oo. This is impossible because I1(-) concentrates on R,. So from

now on we concentrate attention on the cases v < 0.

To conclude this introduction we set out the steps we intend to follow to under-
stand the joint limit behaviour of (WX, A®) as r — oo under (1.2)) or, equivalently,
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1. As discussed, we expect a normal limit as  — oo for (' X with suitable linear
normalizations. We show that this happens for )X |A(T) under a natural

random centering and scaling (Theorem [2.1)).

2. Following that, we extend asymptotic normality of ()X ]A(”) to a joint asymp-
totic weak limit for ()X, A™) in which the limit has independent compo-
nents. At this stage, X still has random centering and scaling, though A(")
has non-random normalizations (Corollary [2.1]).

3. Finally, we note there is a cost to replacing the random centering and scaling:

dependencies and non-normality are introduced into the limit (Theorems

and .

In the next section we give our main results. Proofs of the theorems and further
discussion are deferred to Sections[5land [6] A number of subsidiary propositions are
also needed; these are proved in Sections [3] and [l Section [7] concludes with some

general discussion.

2 Main Results

Throughout, we write PA(T)(-) = P(:]A™) for the conditional distribution, given
A" In introducing this we make the simplifying assumption that II is atomless
(equivalently, TI is continuous on (0, 00)). This means that the inverse function II
is strictly increasing on (0, 00) and the ordered jumps AXt(i) are uniquely defined.
We expect that this assumption can be removed by some well known manipulations
which would add little of interest to the exposition, so we omit them.

We will also need truncated first and second moment functions, defined for ¢ > 0

u(t):/(xﬂ(dx) and 02(t):/(x2ﬂ(dx). (2.1)

Theorem 2.1. Suppose X is a driftless subordinator on (0,00) with Lévy measure
I1(-) on (0,00) that satisfies (1.2) or, equivalently, (1.5)), for deterministic functions
a, >0 and b, € R. Then we have

(rx — (r)
lim PA(T)( X = p(AT) < x) 6 O(z), v e R. (2.2)

Remark 2.1. By the dominated convergence theorem the convergence in (2.2)) holds

unconditionally as well, so we also have

X — p(A0)
a(AM)

= N(0,1), as r — oo,

under the conditions of Theorem 2.1l



Retaining the random centering and scaling, Theorem immediately leads to
a joint limit distribution for ()X, A(™). In the following corollary, Nx and Np are
independent standard normal random variables, being the limits of the standardised
M X and A", with the subscripts on Nx and Np serving to distinguish the compo-
nents corresponding to "X and A", (Throughout, Nx and N will be independent

standard normal random variables corresponding to X and A in this way.)

Corollary 2.1. Under the conditions leading to (1.7) and (2.2]) we have, in R?,

<(’“)X — M(A(T)) A

by
oADMY T aq, ) = (Fx, h"(Np)),[as r — oco.

Next we need to understand the effect of replacing the random centering and
scaling by deterministic counterparts. We begin with the scaling constants. The

treatment is broken up according to the cases of the constant v in (|1.3)).

Theorem 2.2. Suppose (1.2]) holds.

(i) When v <0, we have, as r — oo, with b, = ﬁ%(r),

((T)X — u(AM) A(T)> N ((Xe_NFM/Q’ e—er"/|/2> (2.3)

a(b,) " b,

and removing the random centering from MX gives

X — (b Al N
T —Nrvl/2 _ —Nr|v|/2
( T b, > = (é(e 1)7 e ),(as r — 00. (2,4)

b7

(i) When v = 0, we have, as r — oo, with a, = 2(I1 (r — \/r) —II' (r)) and
b =TI (r),

((T)X — M(A(T))7 A br) = ({X’ %)’ as r — oo. (2.5)

o(b,) a,

Remark 2.2. (a) Note that when v < 0, we no longer have independence of the

components in the limit when we replace the random scaling by the deterministic

one as in (2.3)) and (2.4).

(b) When v = 0, we can always make the scaling deterministic, as in , however
this is not in general the case for the centering; replacing u(A®™) with pu(b,) in
(2.5)) is only possible under some subsidiary conditions. A detailed discussion is
given in Section |§| For the special case when II € RVy(—a) for 0 < a < 1, the

joint limiting distribution of "X and A" is specified in the following theorem.

Theorem 2.3. Suppose v = 0 and 11 is regularly varying at 0 with index —«. Let
o =0a/2—aq), a, =2 (r—r) =T (r)) and b, =TI (r).



(i) Suppose 0 < ¢, < 1, so that « < 1. Then

"X —p(b,) AP —b, Nr  Nr
P R )%(Ner N 5 ) (2.6)

(i4) Suppose cq = 0, so that 11 is slowly varying at 0. Then
MX — ub,) AT —b, Nr

( )= (e )
b/ a, 2

3 Convergence of A)

We begin the program outlined in the previous section by examining the convergence
of A after norming and centering, as r — oo. Throughout this section assum
or, equivalently, , and recall the function A in and its inverse h in
).

We need some more preliminary setting up. Let {I';} and {I'}} be cumulative
sums of independent sequences of iid standard exponential random variables. We
can construct the subordinator X from a Poisson random measure

X() = Z(ﬂ‘_(rl)
=1
where the mean measure is II(-) and the points are written in decreasing order
Ferguson & Klass (1972)), LePage et al| (1981)), Resnick| (1986), Buchmann et al.
(2016)) and (Resnick, [2008, p.139, Ex. 3.38). This means

X:/f PE() = [T and A0 =T

also . -
Ox =T ()= Z(ﬁ“(rr +1)).
l=r+1 =1

3.1 Proof of the convergence in ({1.7))

We may understand the form of the limit for A" in as follows. By properties
of the gamma distribution, we know that, as r — oo, G, := (I, —r)/y/r = N(0, 1),
a standard normal random variable. Assume , or, equivalently, ; then,
owing to the local uniform convergence in , we get from

AO b T ()b T (r4+Coy/r) =br W (=N(0,1)) 2 (N (0, 1)).

a, a, a,
(3.1)

2The simplifying assumption that II is continuous on (0, c0) is not in fact needed for the results

in this section.



3.2 Role of the de Haan classes I"' and I1

Now introduce the function H : [0,00) — [1,00) defined by
H(t) = eVt >0, (3.2)
and define the non-increasing function V' by
Viz) =T oH*(z), z>1, (3.3)

and changing variables gives the representation II' (z) = V(H (z)),

The function H is the canonical example of a non-decreasing function in the de
Haan class T' with auxiliary function f(t) = /¢ Bingham et al| (1989); de Haan)|
(1970, [1974); |de Haan & Resnick| (1973); Geluk & de Haanl (1987); Resnick| (2008))
satisfying

L H(t+zf(t) .
tligloT—e’ z € R. (3.4)

This can be verified directly or by reference to (de Haan|, 1974, p. 248, line -1).
The inverse function H* : [1,00) + [0,00) to H is H(y) = +log’y, y > 1, and

1
inverting (3.4)) shows that H* satisfies

L H(sy) — H(s)
s f(H(s)

=logy, vy >0, (3.5)

so H* is an increasing function in de Haan’s function class IT (Bingham et al.
(1989)); |de Haan| (1970); Resnick (2008)) or (de Haan & Ferreira, 2006, p. 375)). It
has slowly varying auxiliary function g(s) = f o H (s) = \/HT(S) = %log s which
is the denominator in . The convergence in is uniform in compact intervals
of y bounded away from 0.

Recall that is in force throughout, so we have (|1.6) also. Applying the

uniform convergence in (1.6 and (3.5]), we see that V satisfies, for x > 0,

i YD V) T o H (s2) T 0 H(s)

Slgglo ao H(s) o slggo ao H<(s)
(o) s
= Jim—=x a0 H(s) \

_ limH (t+10gx-\/%)—n (t)
t—oo a(t)
= h"(—logx).

Thus, for z > 0, using the form of A in ([1.4)),
1] if v =0
V(sz) — V(s) 2 8%, BT

m ——— = /2

a0 H(5) ()
2 ) 73&0
2\ /2




From (de Haan & Ferreira, 2006, Theorem B.2.1, p.372), we get ao H™ (s) € RV, 5.
Then multiply the limit relation in (3.6) by —1 to see that the non-decreasing func-
tion —V is extended regularly varying at oo ((de Haan & Ferreira, 2006, p.127ff,
p.139)).

We summarise the working up to (3.6) as follows.
Proposition 3.1. Assume (|1.5)).
(i) When ~ < 0:

V() = —V(00) ~ (~V(x)) ~ a0 H (x)/]r] € RV 2. a5 2 = 00;  (3.7)

(ii)) When~y =0: =V € II (or, equivalently, V € I1_, |de Haan & Resnick (1979))

with slowly varying auziliary function %a o HT.

Remark 3.1. (i) Note V being regularly varying with negative index in is
consistent with V' being non-increasing.

(ii) Note that v > 0 cannot obtain in (3.6). The numerator on the left side of the
limit is a difference of two decreasing functions which as functions of s approach 0.
The denominator is regularly varying with positive index and hence asymptotically

increasing. So we cannot get a non-trivial limit. See Remark [I.1]

3.3 Refining the centering and scaling for A(").

Now we apply the material from Subsection to refine the centering and scaling
for A, Recall that (I.2) or equivalently (I.5)) is in force throughout. Depending

on the range of v, we may now simplify the form of the limit law for A as follows.

Proposition 3.2. Suppose (1.2)) holds with h* (y) as in (1.4]). Let Ny be a standard

normal random variable.
(i) When v < 0: we may take b, =TI (r), and then

A
br

= e NhI2 a5 1 — 00 (3.8)

(i) When v = 0: we may take b, = I (r) and a, = 2T (r —/r) = (1)), and

then -
Al — b, N,
= oL asr o o0 (3.9)
a, 2
Furthermore
A

a, = o(b,) and =1, as r — oc. (3.10)

T



Proof of Proposition (i) Take v < 0. From (3.7)), V(z) ~ao H" (z)/]v|, so

by =T (r) = V(H(r)) ~ a./]7. (3.11)
Thus (3.1) can be written
AT —p
= T R (Np),
716 ()

and hence, using (|1.4]),
A
br

= 1+ [y[h(Np) 2 eV,
which gives (3.8]).
(ii) Take v = 0. From ((1.4) with v =0 and (1.5) with y = 1 we get
20 (r —/r) =T (r))

a

— 1,

and the choice of a, for (3.9)) follows from the convergence to types theorem. Since
V € II_ with auxiliary function a o H and the ratio of a non-negative II function

to its auxiliary function tends to oo, we have

b T () V(H((r)
rli)rgo a_r o rli)rgo a, o rll}Igo a o HF ] H(T) o
Finally, dividing (3.9)) by b,/a,, which tends to co as r — oo, yields a limit of 0
which is tantamount to saying A™ /b, = 1. O

Example 1. [Stable Subordinator]

To fix ideas, consider the case of the stable subordinator, where

Mz)=2" 2>0,0<a<l, I (y)=y" y>0. (3.12)
The numerator of the left side of ([1.5)) is then, for y € R,

(r /)M e = e (= ) )

~ VeV o as 1 — oo,
so ([1.5)) holds if we take
by =1 a,=2r"YV2/q  and KT (y) =y/2.

Thus we are in the v = 0 case.

Furthermore, recalling that H (z) = Z—ilog2 x, we get

— 1 —1/a
V(z)=T" o H (z) = (Z_L log? x) eIl_.

The auxiliary function corresponding to II_-varying V' is

1

2 ~1/a-1/2
ao H™ (z) = _<4_110g2 x)
a

Y

which is slowly varying at oo (as it should be), and for z > 0
V(sz)=V(s) 1

Mo T (s) 28T
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This completes the line-up of results needed for our analysis of A, Next we

turn to the results needed for (M X.

4 Further implications of the variation of -

Here we derive additional properties of o depending on whether v < 0 or v = 0.
These properties will be needed to replace random centerings and scalings for (X

by deterministic normalizations in the following sections.

4.1 Case v < 0.

Suppose throughout that holds with h(z) = h,(z) for v < 0 as in (L.3), so
by and we can take a, = |y|b, and b, = I (r), and have A /b, =
e~ Nrh/2 Recall the distribution function G defined as G(x) = e*\/m, x > 0. Then
the following hold.

Proposition 4.1. Assume (1.2)) holds with v < 0.
(i) Forp>1,

" 2
/( uPII(du) ~ ﬂbff\/;, as r — oo. (4.1)
by

In particular, when p = 2,

1
o*(b,) ~ ﬂbf\/ﬂ as r — 0o.
Y
(ii) I(z) is slowly varying at 0, o?(x) is reqularly varying at 0 with index 2 and

G(z) is regularly varying at 0 with index 1/|7|.

Proof of Proposition [4.1} (i) Assume holds and keep v < 0 throughout. To
see (i), use I~ =VoH from (3.3), where V' is regularly varying at oo with index
v/2 and H is a T function with auxiliary function f(t) = v/f. Such a composition
is again in the class I' (Bingham et al. (1989); de Haan| (1970, [1974)); |de Haan &
Ferreira, (2006); Resnick| (2007} 2008))), so for z € R

(r+ Vr2)
T (r+vi2) V< H() H(”) (ﬁ/
T (r) V) ’

or, equivalently, after a change of variable w = —z||/2,

I (r+ 2w) . 15
— —e v, e R. .
o (r) ©o v (42)

The limit relation (4.2) identifies the auxiliary function of the non-increasing TI'-

varying function I (z) as f1(r) = %\/F The function I' class already appeared
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in (3.4) where we constructed a non-decreasing function in I'. Likewise for any
p > 1, (ﬁ%)p € T’ with auxiliary function f,(r) = zﬁﬁ Auxiliary functions of
I’-functions are unique up to asymptotic equivalence and also may be constructed in
a canonical way (see for example, (de Haan & Ferreira, 2006, page 19, eqn. 1.2.5),
(Bingham et al., |1989, p. 177, Corollary 3.10.5(b))). Therefore, we may identify the

auxiliary function of the I'-function (ﬁ%)p in two asymptotically equivalent ways:

r Ni r or r) ~ f:o(ﬁe(u))pdu r — 00
fp( ) P|’Y’\/_ fp( ) (fe(ﬂ)p . (r—o00). (4.3)

Using the transformation theorem for integrals,\we can write (e.g. (Brémaud, (1981
p. 301))

/(' " uPTl(du) = /Too(z%(u))pdu

and since b, = II' (r), applying ([£.3) gives (@.1)).
(ii) Invert the limit relation (4.2)) and change variables s = b, — 0 to get

I1 —1II
limM = —logy, y > 0.

2/ )/ Ts)

Dividing by II(¢) instead of (t), we get zero on the right side in the limit, which
shows that II(¢) is slowly varyikg at 0. Factoring as

(5))(IT

and using the slow variation of TI(x), hence of ﬁ1/2(x), at 0, gives the regular vari-
ation of e~ V@ at 0 with index 1/|7|. O

= —1/2

T(sy) — Ti(s) = (TI

1/2 1/2

(sy) —TI (sy) +TT7%(s))

4.2 Case 7= 0.

Suppose holds with h(x) = h,(z) = 2z for v = 0 as in ((1.3)). From Proposition
m we know in this case we may take b, = II' (r) and a, = 2(II" (r — /7) — by),
and then (A" —b,)/a, = Nr/2, where Ny is a standard normal random variable.
Also a,/b, — 0 and A" /b, = 1. The following proposition parallels Proposition
for the v = 0 case. Recall the functions H from and V =TI o H* from
, satisfying V< = H oIl and V € II_ with slowly varying auxiliary function

tao H(s).

Proposition 4.2. Assume that (1.2)) holds with v = 0.

(i) For p > 1, there exist II-varying functions my(-) such that

/(T WTI(d) = my (L (7)) = () (4.4

where the slowly varying auziliary function of m, is g,(t) = 1V?(t)logt.

11



(ii)) Asr — oo,

—— =1 (4.5)

Proof of Proposition : (i) For p > 1 and ¢t > 0, recall H (y) = %long and

consider

/O tu”H(du /H b “(5))"ds = /{: (/ ))Pds = /H O:H(t) VP(v)dH* (v)
/((t) —logv— =7, (VE(t ( (4.6)

Wp(t):/t V?()5logu”. (4.7)

(%

where we define

Now, V is II-varying and hence slowly varying, so V? is slowly varying, as is logv.
Thus the function m,(-) is the integral of a —I-varying function. The indefinite
integral of a —1-varying function is IT-varying (de Haan (1976); de Haan & Ferreira
(2006), (Resnick, 2008, p. 30)). Thus 7, € IT and the auxiliary function is g,(t) =
sVP(t)logt.

(ii) A IT-varying function is always of larger order than its auxiliary function
(de Haan & Ferreiral, 2006, p.378), so

. Wp(t) — oo
tliglo g (%) - (48)

Now we apply these results with p = 2. Because of the representation in (4.6]),

we invert the IT_-variation of V'(-) in (3.6) and get for y > 0,
V(_ br - T
#(A e®, asr — 00. (4.9)

To show (4.5)), take the difference between numerator and denominator and use
[E0):

o?(AM)) — 0%(b,) = 7o ( F(A@)) — o (V< (by)).
From (B.1) write (A®) —b,)/a, = & so that & = Np/2 and remergber b, = I (r)

The previous difference then becomes

Ve rSr br
@((wa,@ 1)) — m(VE () cm( ‘(ff(bj) lven) - wz(V“(bT))(
g the definition of Il-variation and we get

a*(A) —a?(b,)
g2V (br))

Applyi

= Nr. (4.10)
Since

a?(br) _ m (V= (b))

g2(V=()  g2(VE(by))

by , we have proved , since if we divide by something of larger order

(namely, o%(b,)), we get a limit of 0. O

— 0OQ,
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5 Proofs of Theorems 2.1 and 2.2

In this section we first prove the conditioned limit theorem, Theorem [2.1] using both
random centering and scaling; this is followed by the proof of Corollary 2.1} then we
give the proof of Theorem [2.2] The proof of Theorem [2.3]is deferred to Section [6]

Proof of Theorem [2.1; Suppose X is a driftless subordinator on (0,00) with
atomless Lévy measure II(-) on (0,00) and its rth largest jump satisfies for
some deterministic functions a, > 0 and b, € R.

Conditional on A we have that ()X is a subordinator whose Lévy measure is
Ij0,a(m)y, 1.., the measure IT restricted to (0, A (M) (e.g., (Resnick, (1986, Prop. 2.3,
p.75)). So the conditional characteristic function (chf) of X is

( i0 (M x A eXp /( 19ac _ (dl’)}, 0 GR,

and the conditional chf of the centered and scaled (T)X is

rx — (r)
E(exp{' XU(A%? )} Am)

:exp{ (W ((@M 1-i6- 5 T)))H(du)}. (5.1)

Thus for (2.2)) it is enough to show

o)
9 —u 1
/( (eaa(Am) —1- iQU(AL(T)QH(du) + 592 — 0, as r — o0. (5.2)
Noting that, by (2.1),

w2 1
s 21—[ —— 2
/( 202(A(T))u (du) 29 :

and using the inequality |¢¢ — 1 —if — @| < 10)?/3!, § € R, the lefthand side of

(5.2)) is seen to be

(T) (r)
/( T (A i) = /( 92 (A(r) i

(r)

_ 1P
=3 / (N oaamy )

- ‘6|3 (r)
=31 g(A0))

(5.3)

Next we show AM /a(AM) converges to 0 when (1.1 holds. We separate the
analysis into cases according to whether the constant v < 0 or v = 0 in (|L.3]).

3Continuity of II is needed to apply Prop. 2.3 of Resnick (1986)); [Resnick| (1986) only gives the
case r = 1 but this is easily extended to r € N.
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(i) When v < 0, by (3.8), A /b, = Y := exp(—Nr|v|/2), where Nr is a standard
normal random variable. Furthermore, o2(t) is regularly varying at 0 with

index 2, so
a*(A")
a?(br)

By (4.1)), it is also true that o%(b,) ~ ﬁbfﬁ Then we have

—Y?% asr — oo.

(AM)2 (A2 p2 o2(b,) , m 1
a2(AM) b2 o2(b,) o2(AM) Op(Y7) NG OP<Y2) =0, asr — oo.
(5.4)

(ii)) When v = 0, apply (3.10)) and then Proposition , and we have A" /b, = 1
and 02(A)/0%(b,) = 1. Therefore, as in (5.4),
(AM)?_(AD)? p a*(,) by

=(1+ op(l))wrbr) =0, as r — 00,

where the convergence to 0 follows from (4.8)) for the following reason: we can
use (4.4) (and recalling the definition of the function g, in (4.4))) to write

G2(AD) T2 o2(b,) o?(AD)

r—00 bZ T D00 (ﬁ<_ (7”))2 T oo 12 (t) T iS00 VZ(t)% lOgt
. Wg(t) 1
=1 -1 .
i o (3%1) f x

Thus the righthand side of (5.3]) tends to 0, completing the proof of Theorem [2.1]
(I

—logt

lim o (br) = lim m(H(r) _ lim ™o (t) lim —m(t) (; )

Proof of Corollary Define

px X p(AD) A0
" a(AM) 7 " a,

and suppose f, g are non-negative continuous functions and bounded by 1. From
(1.7) we have
Bg(®)Ef(Nx) = B(g(h™ (Nr) Ef (Nx).

Then from and dominated convergence
Ef(21)g(®7) = E{f@f)EN” (f(@)} C E{f(NX»E{g(h“(Nr))},(
because
E{{(@f)EA(”(f(@f )} ( Eg(®7)Ef(Nx)

= B(g(@) A" f(@)) — Bf(Nx) )(
<E E*"(f(®X)) KEf(Nx) —0, as x — oo.

This completes the proof of Corollary [2.1}

14



Proof of Theorem (i) When v < 0 we set b, = II' (r) and a, = |7|b,, and

then by (3.8)

A
br

and the joint convergence in Corollary 2.1 can be written with a deterministic scaling

=YV = M2 a5 r — oo,

via continuous mapping as

(mX_M(A(r)) A(r>>§<(r>x WAD) o (M) Am)

a(b,) T b, AM)
NyY, Y ( *Nr|’7|/2 e*er’Y|/2)

where (Nx, Nr) are iid standard normal random variables.
Now consider the effect of changing the random centering to a deterministic one

in the first component. From (4.1)),

\/i ) ~ byrt/ \/g as r — 00. (5.5)

Remember a, = |7]b, and convert (L.2) to vague convergence on (0, 00) to get

) o, 2du g

v vl

and so
/b, [1(b,du)
T
2 2
—du=—(Y —1).
il il
Since b,/ /o (b.) = oo by (5.5)), we have

") x "X — (AP "y _
X;)M/l;(br):( Xbr\z%A ))Jr(;/(A ) (br)>

(A
zop(1)+< éh‘ ), as r — 00.

(ii) When v = 0, by Proposmon we have o(AM) /o(b,) = 1 with b, = TI* (r).
Then from Corollary [2.1]

"X - pA) AV —b,) Nr
( a(b) ’ ay > = ( X’T)’

(5.6)

where (Nx, Nr) are independent standard normal random variables. By Proposition
we may choose a, = 2(II" (r — /7) = I (r)). O

15



6 Proof of Theorem 2.3

In this section we keep v = 0. As displayed in , we may replace the random
scaling for X by the deterministic scaling o(b,). We investigate what happens
when we try to replace p(A")) with u(b,) in by a method similar to the one
used in the proof of Proposition . As before we can apply , now with p =1,
to get

H(AD) = u(b,) = 7 (X%M) —m(VEb).

Recall from (3.1]) that we may write (A" —b,)/a, = & = Np((Q. The previous
difference thus becomes

1 (V ‘(/alg(rbj)_ b?’) Vg(br‘)) — M (V%<br))<

Applying the definition of IT-variation and (4.9)) we get

p(A") — p(br)
(V<= (br))

To replace pu(A™M) with p(b.) in (5.6) requires that the difference in (6.1)) be
compared with o(b,). The cleanest result would be if the difference were o(c(b,))

(Y (& + b)) —m (VE(b,))

as r — 00, but this is not always the case and the final form of the joint limit with

deterministic centering and scaling in general depends on the behaviour of the limit
of < 2
2 (I d
fim 20, RO L (v) dv (6.2)
R FUH)) o GUH(r)  ome Z(Z =)

assuming there is indeed a limit. Note that the IT-fungtion my(-) has auxiliary

function g, and not g? so we cannot rely on here.

An easy example to show that (u(A™) — u(b.))/o(b.) does not always vanish
is the stable subordinator from Example [l Recall from|(i)] we have, for
0<a<l,

)=z 2z>0, O (v)=0v" v>0.

The ratio on the right of (6.2) is in fact constant now:

fzoo v/ dy a

2(z7%2) 2—a’

More generally, if II(z) = 27*L(z), | 0 is regularly varying at 0 with index «,
then (II" (2))? = z~¥%(L'(2))%, z — oo, for slowly varying functions L at 0 and L'
at co. Then by Karamata’s theorem for integrals (eg. (Bingham et al., 1989, page
27))
(W) de
lim — 5 = = Cq4-
2—00 Z(H (Z)) 2—«

16



Since 0 < a < 1, we have 0 < ¢, < 1. The converse half of Karamata’s theorem
((Bingham et al. 1989, p. 30)) tells us that if

00 ﬁ% Qd
i LT 000

2300 Z(H (z))2

= ¢, for some ¢ € (0, 0),

then ( <—(z))2 is regularly varying at oo with index —(¢1+1) and II* (2) is regularly
varying with index —(¢™! +1)/2 at co. Set 1/a = (¢! + 1)/2. Then for II to
correspond to a subordinator, we need o < 1, which makes ¢ < 1.

Following this path leads to Theorem [2.3] E as we state it in Section [2] giving the
joint limiting distribution of X and A() in this particular case. Based on the

technology previously developed we can now prove that theorem.

Proof of Theorem : Suppose v = 0 and II is regularly varying at 0 with index
—a, 0 < o < 1. This happens iff II" (2) is regularly varying at oo with index
—1/a=—(1+c;')/2, where ¢, = a/(2 — a), or, equivalently,

lim S () dv = lim J uQ_H(du) = Co, Where ¢, € (0,1). (6.3)

e (M(2)% =0 )
Thus, suppose {6.3) holds. By (6.2), we have gi(H(r))/o(b,) = 1/,/cq. Then
by and ,
OX —pb) _ OX ~ pA0)  u(A0) -
o(br) a(br) U(b )
( )—M( r)  g1(H(r))

(6.4)

2 NX+Op(1) +

2NX+NF'

1
v Ca
Taking r — oo, this proves ([2.6)).

When ¢, = 1, the Lévy measure property that

/01 CTI(du) = /100( “(5))%ds < oo

(always) and the usual version of Karamata’s theorem, imply that ( H(x))2 is
regularly varying at infinity with index —2, so ﬁk(x) is regularly varying|at infinity
with index —1 and II(x) is regularly varying at 0 with index —1. Conversely, if II(z)
is regularly varying at 0 with index —1, then holds with ¢, = 1 and so
holds with ¢, = 1.

When holds with ¢, = 0, then ( H(z))z is rapidly varying at infinity
((de Haan|, [1970| p. 26)) so the same is trud for II" (2), and, by inversion, II(z) is
slowly varying at 0. The converse holds as well: if II is slowly varying at 0 then
holds with ¢, = 0. Referring back to we find

. M
r—oo g7 (H(r))

17
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Divide on the left side of (6.4]) by gi(H(r)) instead of o(b,). Then by (6.1)) we see
that (2.6) becomes

<(r)X — (b)) AW — b,,> N ( g &)
p(H(r) C 2/

and unpacking the notation shows that g; o H(r) = b,/r as claimed in Theorem
2.0l O

7 Final thoughts

One motivation for studying joint limit theorems as in Section [2]is to get information
on limiting behaviour of ratios of a subordinator to its large jumps. See |[psen et al.
(2018) and their references for related results and applications along these lines.

There are obvious open issues we leave for another day. Restricting the investi-
gation to subordinators clearly makes analysis easier but we would like investigate
what happens if we remove the assumption that the Lévy process is non-decreasing.
This would presumably require analysis of the missing case v > 0 which was nec-
essarily absent from this paper. We also would like to investigate functional weak
limit theorems for (X, AET)) as functions of . Relevant to this, we note from
Buchmann et al.| (2018), Prop. 4.2, that implies, more generally,

" _
hmp<w gx)éP( ) < 2) = ®(Vih(z)) [z R, (7.1)
r/t

7—00

for each t > 0. But )X, does not scale with ¢ in the same way as AET), so generali-
sations of Theorems are not straightforward in this respect. As an incidental
comment we note, though it’s not mentioned in [Buchmann et al.| (2018), that
is in fact necessary and sufficient for .
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