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PROCESSES OF rTH LARGEST
BORIS BUCHMANN, ROSS MALLER, AND SIDNEY I. RESNICK

ABSTRACT. For integers n > r, we treat the rth largest of a sample of size n as an R>°-
valued stochastic process in r which we denote M (") We show that the sequence regarded
in this way satisfies the Markov property. We go on to study the asymptotic behaviour
of M as r — oo, and, borrowing from classical extreme value theory, show that left-
tail domain of attraction conditions on the underlying distribution of the sample guarantee
weak limits for both the range of M and M) itself, after norming and centering. In
continuous time, an analogous process Y ™) based on a two-dimensional Poisson process on
R4 xR is treated similarly, but we find that the continuous time problems have a distinctive
additional feature: there are always infinitely many points below the rth highest point up
to time ¢ for any ¢ > 0. This necessitates a different approach to the asymptotics in this
case.

1. INTRODUCTION

In this paper we consider Markovian and other properties of the order statistics of iid
random variables in discrete time, and of extremal processes in continuous time. Although
venerable these are important issues and research continues to throw up significant new as-
pects. As a starting point let M,(f) be the rth largest among iid random variables Xy,..., X,
with cdf F. (Precise specifications of the order statistics will be given later.) It is known
that the finite sequence (M,(f))r:m,m,n is Markov if and only if F' is continuous on (¢, rp),
where (r and rp are the left and right extremes of F' (see [1]). This is a result concerning
the first r order statistics in a finite sample. We proceed to investigate the infinitely many
order statistics (Mr(f),n > r) beyond the rth, and further, derive properties of the whole

collection {M© = (M. n > r),r > 1}, considered as an R®-valued stochastic process.
Apart from their intrinsic interest the properties we derive bring together a number of areas
and techniques.

Thus, we begin in Section 2 by setting up the notation required for, then proving, the Mar-

kovian property, that the conditional distribution of the infinite sequence (1, (r[l), M (T;), ),

T T

knowing all values (M"Y, M3V ), (M, Méz), )y (M, Mr(fr)l, ...), is the same as

the conditional distribution knowing only (M\"”, M), .. ).

I are required for this.

No continuity assumptions on
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In Section 3 we turn to an investigation of asymptotic properties of the collection M ™,
for large values of r. The weak convergence of M ™), after norming and centering, is related
to domain of attraction theory for the minimum of an iid sequence of rvs. A key tool in these
proofs is Ignatov’s [12] theorem showing that the r-records of an iid sequence are points of
a Poisson random measure.

This study is continued in Section 4 for continuous time rth-order extremal processes.
Some notable differences between the discrete and continuous time situations emerge here. In
particular, unlike in the discrete case, in the continuous time case there are always infinitely
many points below the currently considered order statistic, and thus the convergence criterion
has to be modified. Section 5 concludes the paper with some modest final thoughts and open
problems.

We conclude the present section by mentioning previous and related work. For alternative
proofs and other background on Ignatov’s (1977) theorem see [9, 10, 12, 21, 26]. Other

treatments of the Markov structure of the finite sequence (M,Sr)),:l,g’___vn are in [11], [23] and

[2]. The latter two papers show that (Mér))rzl,znm is Markov if information on tied values
is incorporated into the sequence. For background on continuous time extremal processes
we refer to [18, 19, 21, 22|. Additional references are given throughout the text.

2. MARKOV PROPERTY OF HIGHER ORDER EXTREMAL PROCESSES WITH DISCRETE
INDEXING

2.1. Indexing. Our analysis requires that we keep track of infinite sequences indexed by r
where the first members are being moved further out as r increases. To cope with this we use
the idea of shifted sequences, with first members replaced by —oo. To see how this works,
we start with the sequence space RY _ := {x = (z,,) : 7, € R_,n € N} endowed with the
Borel field associated with the product topology. (We employ the notations N = {1,2,3,...},
R_ := RU{—00} = [~00,00), and conventions )y = 0, [[; := 1, £oox0 = 0. Also RV =
{z=(z,) eRY _: z, <z,,1,n € N} denotes the subset of nondecreasing sequences.) The
N,T

—00

partial maxima operator \/ : RY__ +— R maps a given sequence & = (z,,), € RY__ to its
associated sequence of partial maxima \/ @ := (V{x1,...,2,}),. (In the statistical language
R, this is known as cummaz.)

For a given sequence x € RY__ and r € N, n > r, let m\" be the rth largest of 71, . .., 2,
arranged in lexicographical order in case of ties. Then set

{—oo, if n <r;

=1 o
my’, ifn>r.

n

The extremal sequence of order r associated with x is the sequence ™ € RYT with finite

elements 7" augmented with —oo as follows:

(2.1) ™ = (—oo, ., —oo,m" . n> 7“).
—_— ——
r—1 entries

Write 2(0) := @ for the extremal sequence of zero order. The extremal sequence of unit order
equals the partial maximum sequence: V) =\/ .
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For a sequence © = (x,), € RY__ the shifted sequence xx is xr = (—oo,x) € RY_ . For
two sequences € = (2,)n, Y = (Yn)n € RY | let

TRNY = {(_OO>1n:1 + (xn—l A yn)1n>1}n S Rlﬁoo

be the componentwise minimum of  and y, taken after shifting & to the right with proper
augmentation with —oo. Thus, componentwise, when x = (x1,z9,...) and y = (y1, 92, .. .),
we have

xR = (—00, 11, X9, .. ) and TrAY = (—00,21 Ay, Lo AYs,...).

For n € N, y,(f) > yﬁf) - > yn ) denotes the order statistics associated with (possibly

extended) real numbers yi,...,y, € R_

In Theorem 2.1, we will show a Markov property for the rth largest of an iid sequence, and
since recursions are an effective tool for proving a sequence of random elements is Markovian,
we first prove a preliminary result focussing on properties of the shifted sequences.

Proposition 2.1. For r € N, we have the identity,
(2.2) 2 =\/(2"rA )

or in component form,

(2.3) ) = \/ ( () LA a?]) reNn>r+1.
j=r+1

Proof. Fix an integer r and we prove (2.3) by induction on n. The base of the induction is
n=r+1and the left side of (2.3) is 2" = AT*lz;. The right side is 2\ A 2,y = Alf Lz,
So (2.3) is proved for n =r + 1.

As an induction hypothesis, assume (2.3) is true for n = r + p for p > 1 and we verify
(2.3) is true for n = r +p+ 1. The left side of (2.3) forn =r+p+1is xﬁi@?l = LHS. The
right side is

r+p+1 r+p
RHS = \/ (z (T)l Naj) = \/ ( (T)l A ;) \/(xffl)p AZripin)
Jj=r+1 j=r+1

and from the induction hypothesis this is equal to

(2.4) fg:;;zl) \/ (375«72;0 AZripi1)-

Now counsider cases:
(r)

N +p : Fi or this case, increasing the sample size from r+p tor+p+1

Case (a) :17,,+p+1 >

means xrﬂ, becomes xr+p+1 So RHS = :17,,7:;1 V xrﬂ, = ,,+p =LHS.
Case (b) a:rf;,l < Zpgppr < x£+p The term in parentheses on the right side of (2.4)
is
+1
%(Qp N Tpiprl = Trypy1 = 7(“:-17-21
and thus

r+1 r+1 r+1
RHS = x§+p) \/351(~+pJ21 = :175,+pJ21 =LHS.
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Case (C) Tyipi1 < xfﬁ;).: We have

(r+1 r r+1
RHS = Tﬂ,) \Y ( 7(”2;, A xrﬂ,ﬂ) = $$«+p) V Zrgpy1 = $£+p)

and because of where the added point x,,4 is located, when the sample size increases
from r + p to r + p + 1, the above equals xfﬂ:ﬁl =LHS.

The three cases exhaust the possibilities and this completes the induction argument. O

2.2. The iid setting. Now we add the randomness. Let X = (X,,),, € RY be an iid sequence
of rvs in R with cdf F and set X© = X . Then for r € N the r-th order extremal process is

the augmented sequence X = (X,(f))neN in RY__ constructed as in (2.1); specifically,

(2.5) X0 = (—oo, .., —00, M}LT’), n > r),
—— —

r—1 entries

where the M. are the order statistics of X1, X, ..., X, defined lexicographically as for the
m” in (2.1). Note that X =\/ X© =\/ X is the sequence of partial maxima associated
with X.

To think about the Markov property for (X ") > 1), we imagine conditioning on the
monotone sequence X (W = ™). For indices where the sequence ) is a constant, say z,
the structure of XY should be as if we construct the maximum sequence from repeated
observations from the conditional distribution of (X;|X; < z). The following construction
make this precise.

Let U = (Upn)nren be an iid array of uniform r.v.’s in (0,1). Assume X = X© and U
are independent random elements. For m € R with F'(m) > 0 the left-continuous inverse
u +— F<(u|lm) of the conditional cdf z — F(z|m) := P(X; < z|X; < m) is well-defined;
otherwise, if F'(m) =0 set F'* (u|m) = 1,,5¢ with F* (u] — oc0) = 0.

For r €¢ N = {1,2,...} introduce two sequences X\TH) = (A )n)n and f)\(/rﬂ) =
(X(r—i-l), )n. For the ﬁrst we have for n = 1 that Xr—i-l = xW =X and for n > 2,

}—‘/‘\

FE (U X3) Tz ey Lywo_x it X\, = x)

55 r+1),n r . r r
ey D k=1 Xék)er(fBXfﬁ)l H1§l<k 1Xr(f):Xffll’ if X,(L_)l < X

so if there is no jump in the rth order maximum process we sample from the conditional
distribution and if there is a jump, we note the new value that caused the jump. For the

second sequence we have X, 1), := —ooif n <randif n >r
- fxi if X7 > x\
T P X0, i X5 = X

so if there is no jump in the rth order maxima at n, we sample from the conditional distri-
bution and if there is a jump at index n ‘we note the smaller value at n — 1 that the process
jumps from. The sequences Xr+1 and X(,,H depend on X, XW ... X only via X®
and XM, X® X respectively.
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2.3. Identities in Law and the Markov Property. Next we provide some identities in
law which will show that the sequence X ™ r > 1 of extremal processes is a sequence-valued
Markov chain.

Theorem 2.1. Forr € N the following random variables are equal in distribution as random
elements in (RN_ )"V (and hence in (RN V),

r d [/~ r
(2.6) (X0 X)) S (X, XU, X0,
and
(2.7) (X“),...,X(T“)) 4 <X(1 ™, \/ X 7«+1)
In particular, XM, X® s a Markov chain with state space R™1 | with its conditional
distributions satisfying
(2.8) (X<’“+1>)X<’“>, o ,X<1>) 4 (\/’X’(m)‘xm) . reN.

Proof. Indeed, (2.7) follows from (2.6) because
(XWX =(X 0 \/(X(T’)R/\ X)) (Proposition 2.1),
L(XO, XD N(XD A X () (from (2.6))

:(X(l), LX), \/3(/(”1)) (definitions) .

In (2. 7) ++1 depends on XM X® only through X ™, and this holds for all » € N. In
particular, (2.8) holds, and X(1 ,X(z), ... must be a Markov chain.

It remains to show (2.6). For r € Nlet R", = {m = (my,...,m,) €R" _:my > ... >
m,.} be the space of r-tuples with nonincreasing R_.-valued components, and introduce a
smooth truncation mapping g, = (fhr1, - - -, frr) : R7% X R = R™Y by setting pu, (m, ) :=
xVmq, and, for 2 < k <,

,Ur,k(ma [L’) = mk—11x>mk,1 + mklxgmk + x]-mk<:c§mk,1 )
when € R and m = (my,...,m,) € R . Note that

(2.9) frp(m,z) >my form e R™Y, zeR, 1<k <r.

—00)

;‘;>
N

Also, define mappings i, = (firo, - -, firy) : R75 x R=sR x R™ and i, = (Ao, - - -
R™ xR x (0,1) = R x R™%_, by setting

ﬁr,k(m7x) = ﬁ?",k(m7 .CL’,U) = ,ur,k(mu .CL’), 1 < k < r,

and with & =0, f,o(m, z) := 2 and

ﬁr,O(mvxau) F(—(u|u7”7” m l’ H 1Mrk (m,x)=my

1<k<r
I8
+§ P (T8, )L () >y, H Ly, (ma)=m
k=1 1<i<k
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T
_ <—
=F(ulm,) [ Lsmar—me + 2> Liymaysme || Liumsmw)=m
1<k<r k=1 1<i<k
(2.10) ) Fo(ulm,), if x <m,,
' T, if © > m,.

for m = (my,...,m,) € R", z € R and u € (0,1).
One can check that the component form of the left and right sides of (2.6) is for n > 2,

(2.11) ((Xn,X,QU, LX) > 2) :<ﬁT(X(1) X" X)) > 2)

n—17"°9»“*n—-1

n—1y" < *n—-1

(2.12) «Xwﬂmxﬁhuwxp%nzz):(@LwU X X@UM%nZQ»

where X,, L (X(l) ..,Xr(f_)l) and U,.,, L (X(l) x Xy, ) since we assumed that X

n—1s" n—1r" " “*n—1s

and U are independent arrays of iid rv’s. The right sides of (2.11) and (2.12) are Markov
chains with stationary transition probabilities in the index n (new value is a function of the
previous value and an independent quantity) and for n = 1, the left sides of (2.11) and (2.12)
have common initial value (X7, X1, —00, ..., —00) € R x R™_. Therefore, to prove equality
in distribution in (2.6), it suffices to prove both chains have a common transition kernel.

To see this, let X’ L X, ~Fand U £ U1 € (0,1) be independent rv’s. For z,y € R
with F(y) > 0 note

P(X'<y, F(U'ly) <o) =P(X'<y)P(X' <[ X' <y)
(2.13) =F(y)F(z|y) = F(z \y),

Consequently, for m = (my,...,m,), m' = (m),....m") € R™Y, with F(m})>0 for 1 <k<r,
setting my, := oo, we have for the transition probability,

T

P((X(Hl),nJrl,X,(Llle, . ,X,(LT_’Zl) € (—o0, 7] x H[—oo,mk]
k=1
’X(H—l)vn =Y, (Xr(zl)a SRR Xr(zr)) - m/)
=P(p,(m', X" U) € (-0, z] X H[—oo,mk]>

<
(

T

=P(p,(m', X" U) € (-0, z] X H[—oo,mk],X' < mL)
k=1

s r

+> P(ﬁ,(mf, X', U') € (=00,z] x [ [[—o00, mu], X" € (mj, mz_l])
k=1 k=1
— A+ B.

Consider

A= P(F“(U’\m;ﬂ) <z pg(m X U) <m,k=1,...,r; X' < m;)
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If m) > my, for some k = 1,...,r, then because of (2.9), the probability A is 0. So assume
for k =1,...,r, that mj, < my. Then the condition X’ < m/ in A implies X’ < mj < my
for k =1,...,r and using (2.13), A reduces to
A=PF(U|m}) <z, X' <m)=FAm) [] Lu<m.

1<k<r

For B we use (2.10) and get

Fix k and suppose [ > k. Then the interval (mj,m;_,] is to the left of (m],m)_,] where X’
is located and p,(m’, X’) = mj_,. The probability is then 0 unless m; > m;_,. If | < k, the
order of the intervals is reversed, u,;(m’, X') = mj, and the probability is 0 unless m; < my.
Thus, B becomes

B = ZP(m;c < X' <xAmp Amy_,) H Lyt <m, H Loy <my-

k=1 1<i<k k<i<r

On the other hand, from the left sides of (2.6) and (2.11),

-

P((Xn—i-laXf(L{zlv s >X7(L721) S (_OO> ‘T] X [—OO, mk]

‘Xn =y, (X, XU X)) = )

= P(f,(m/, X') € (=00, z] x [ [[—o00, mu])

P( (X' (!, X7), =1, 7) E(—oo,x]xH[—oo,mk])
k=1
P( 2, X' <ml, p(m!, XY <myl=1,...,7)

+ZPX’<xX € (my, mp_], p(m/, X') < my,l=1,....7)

=A+ B :
This completes the proof of (2.6) and of Theorem 2.1. O

3. ASYMPTOTIC BEHAVIOUR OF THE DISCRETE TIME PROCESS M) FOR LARGE r

In this section we consider asymptotic behaviour as 7 — oo of {M ") = (Mr(f), n>r)r>
1} as an R*-valued stochastic process. As r increases we are pushing into values far from
the largest, so limit behaviour for both the range of M) and M itself, depend critically
on left tail behavior of the distribution of X;. Appropriate left-tail conditions related to
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domain of attraction conditions in classical extreme value theory make the range and the
sequence of rth order maxima converge weakly.

Throughout this section we will assume F' is continuous, so the records of {X,} are
Poisson with mean measure R [21, page 166] which we denote PRM(R). The assumption of
continuity could be relaxed as in [9, 24, 25| but results are most striking and elegant when
F' is continuous and we proceed in this setting.

3.1. rth maximum and r-records. Let {X,,n > 1} beiid random variables with common
distribution function F'(z). Assume F'(z) < 1 and set R(z) = —log(1 — F'(z)) = —log F'(x).
Define

R, = Z lix;>x,) = relative rank of X,, among Xi,..., X,
j=1
=rank of X,, at “birth”.

It is known [15] that {R,,} are independent random variables and R,, is uniformly distributed
on {1,...,n}; that is,
PR, =i]l=1/n, i=1,...,n.
Considering { M ™ > 1} as an R*-valued stochastic process, we ask what is the asymp-

totic behavior of M) and its range as a function of r as r — co?
Define the r-record times of {X,,} by

Ly =0, LY, =inf{j>L": R, =1}

The r-records are then {X,,n > 1}, which for each r, are points of PRM(R(dz)) by
Ignatov’s theorem.
We list some initial facts about M) and its range.

e For fixed r, M) = {M,(f),n > r} jumps at index k > r iff
Ry € {1,...,7‘},

SO
{[M™ jumps at index k], k > r}
are independent events over k and

P[M™) jumps at k] = %
Remark 3.1. This has the implication that if we re-index and set k = r+1[ for [ > 0,
then for any fixed [,

P[M") jumps at r + 1] =

T+l—>1, (r — 00).

So for large , M™ jumps at almost every integer. Define the jump indices
{n1=>0y={j>1: M7, > M7,y u{o}.
Then in R,
{(F.1>0}={0,1,2,... }.
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e For fixed r, let R, be the range of M"); that is, the distinct points without repetition
hit by {M."”,n > r}. Then,

(3.1) R = | J{X 0,0 > 1},
p=1

By Ignatov’s theorem [9, 10, 12, 21, 26|, this is a sum of r independent PRM(R)
processes and therefore the range of M) is PRM(rR).

To prove (3.1), suppose M = x, for some n > r. Suppose the rth largest of
Xq,..., X, occurs at X; = x for © < n. If the rank of X; were > r, it could not be
the case that M\"” = z. This shows that

range of M™ ¢ U{XL(p),n > 1}.

p=1
Conversely, suppose X L = T, SO at time L , the rank of X L is p. Wait until
r — p additional X'’s have been observed that exceed z and then the rth largest will

equal x.

3.2. Limits for the range R, of M. Although our primary interest is in the behavior
of {M (T), r > 1} as an R*-valued random sequence, it is instructive and helpful to discuss
the behavior of the range R, of M.

As a basic result we derive a deterministic limit for R,. Let R be the support of the
measure R(-) which corresponds to the monotone function R(x) = —log(1 — F'(x)). Note R
is also the support of F'.

Proposition 3.2. Asr — oo, R, the range of M), converges as a random closed set in
the Fell topology [13, 14, 27] to the non-random limit R:

(3.2) R, =R.
Proof. Since R, C R, it suffices to show for any open G with R N G # (), that
PR, NG # 0] — 1.
However, R NG # () implies R(G) > 0 and therefore,
PR, NG # 0] =1 — P[PRM(rR(G)) = 0]
=1—e "9 51, (r— o0)
since R(G) > 0. O

The set convergence in (3.2) is to a deterministic limit. Since R, is a PRM(rR) point
process, we can get a random limit if we center and scale the {X,,} so that the mean measure
rR converges to a Radon measure. Recall R(z) = —log F'(z).

Assume there exist a, > 0 and b, € R and a non-decreasing limit function g(x) with more
than one point of increase such that

(3.3) rR(a,x —b,) — g(x), (r — o0).
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For x such that g(z) > 0, to counteract r — oo, we must have R(a,z —b,) — 0 and a,x — b,
converging to the left endpoint of F' (and R).

We now explain why e is related to an extreme value distribution. Remembering that
e~ = F| equation (3.3) is equivalent to

(F(ayz —b,))" = exp{—rR(a,z — b,)} — e 9
or

Qy

(3.4) P[ > m] — e9@),

So we recognize e Y as the survivor function of an extreme value distribution of minima of
iid random variables. Expressing this in terms of maxima by setting Y; = —X; we get (3.4)
equivalent to

Qy

(3.5) P[ < —x} e = G (—a),

for some v € R, where G, () = exp{—(1+~z)"'/7}, 14~z > 0 is the shape parameter family
of extreme value distributions for maxima [3, 21]. Soin (3.3), g(z) = g,(x) = —log G, (—x).
The usual way to write (3.5) is

rPlY1 > a.(—x) + b.] = g(x), Vr s.t. g(x) >0,
and (3.3) is the same as
(3.6) rF(a.x —b.) = g(x), Vo s.t. g(x) > 0.

In particular, apart from centering, we have the cases:
(1) Gumbel case: v = 0. Then

go(x) =€, xR
(2) Reverse Weibull case: v < 0: Then 1+ ~(—z) > 0 iff z > —1/|v| and
gy(x) = (L+ [yl2)/1, 2 > =1/},

Adjusting the centering and scaling by taking b, = 0, we find R is regularly varying
at 0 and

rR(a,x) — ¥V 2> 0.
(3) Frechét case: v > 0. Then 1+ ~y(—x) > 0 iff z < 1/ and
gy(2) = (1 —y2)™, 2 <1/,
Adjusting the centering and scaling so the support is (—o0,0) we get
rR(a,x) — 2|77, 2 <0,

which is regular variation at 0 from the left.
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We can apply this analysis to get convergence of R, after centering and scaling. Recall
R, is PRM(rR). A family of Poisson point measures converges weakly iff the mean measures
converge (eg. [20]). So replacing

Xi + br

Qy

XZ‘H

rescales the points of the range to be Poisson with mean measure given by the left side of
(3.3). Let

(3.7) supp, = {z : 1 — vz > 0}

and m,(-) be the measure with density ¢’ (z), z € supp,,. Let M, (supp,) be the space of
Radon measures on supp,,, topologized by vague convergence. Then (3.3) implies the vague
convergence

rR(a.(-) = by) = m(+)
in M (supp,), and thus on M, (supp,) we have
(3.8) (R, +b,)/a, = PRM(m.,).

We may realize PRM(m,) as follows: Let I'; = 23:1 E; be a sum of iid standard expo-
nential random variables. The {I';} are points of a homogeneous Poisson process rate 1 on
0, 00). The measure m., has distribution

gy : supp,, — (0,00),
with inverse
g5 (0,00) = supp,,.

The transformation theory for Poisson processes (eg. [20, Section 5.1]) means ).~ €gi(Ty)

is PRM(m.) on supp,. For instance, if v = 0, supp, = R, go(x) = €, v € R, and g5 (y) =
logy, y > 0, and PRM(mg) = >, €1og, -

3.3. Weak convergence of the rth maxima sequence M ™. Having understood how
to get the range R, of M) to converge, we turn to convergence of M) itself. We continue
to suppose the minimum domain of attraction condition, so that R satisfies (3.3), and recall
M+(suppﬁ{) is the space of Radon measures on supp,, topologized by vague convergence.
Point measures in M, (supp,) are denoted by . €,,(-) where €,(-) is the Dirac measure
placing mass 1 at x.

We start with a preliminary result on the empirical measures generated by {X;} that will
be needed to study the weak convergence of {M®}.

Proposition 3.3. Assume (3.3). If N is a random element of M (supp.,) which is PRM(m.),
then for any j > 0,

r+j 00
(3.9) Z €(Xi+b,)/ar N = Egﬁ(l“i) = PRM(mV),
i=1 i=1
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in M (supp,) and, in fact, jointly for any k >0,

r+j

(3.10) (Z €xuity/ai0 < J < k:) = (N,...,N)

i=1
in My (supp.) x - x My (supp.,).
Proof. We have (3.10) following from (3.9) since with respect to the vague distance d(-, ) on
M. (supp,) (see, eg. [20, page 51])

r r+7

d(Z €(Xi+br)/ars Z €(Xz-+b7-)/ar.) =0

i=1 i=1
for any 7 > 0. To verify this, let f be positive and continuous with compact support on
supp,, and from equation 3.14 of [20, page 51], it suffices to show

r+7

E‘Zf ((Xi +b,)/a) Zf (X +b,)/a,)| —

The difference is
r+j

E Y f((Xi+b,)/a) EZf ((Xi +b.)/ar)

i=r+1

and assuming the support of f is a compact set K in supp., this is bounded above by
sup f(z)jP[X; € a, K — b,] = 0
x>0

since for x € K, a,x — b, converges to the left endpoint of F' and under (3.3), there cannot
be an atom at this left endpoint.

The result in (3.9) follows by a small modification of the proof of Theorem 5.3 in [20, page
138] since (3.3) is the same as (3.6). O

Now we turn to R*®-convergence of the rth maximum sequence. Continue to suppose (3.3).
Without normalization, the sequence M) converges to a sequence all of whose entries are
the left endpoint of F. In order to get M) to converge, we must have M\ = Ni_1 X,
converge and this helps explain why a domain of attraction condition for minima is relevant.
The condition (3.3) produces a non-trivial limit.

Proposition 3.4. Suppose the domain of attraction condition (3.3) holds. Then in R,

(3.11)

MY +b, ( M, +br
a, a,

J20) = (g m)i=1) (= o0),
where {I'y,1 > 1} are the points of a homogeneous Poisson process on R .

Proof. Fix j > 0 and observe for = € supp,,
[M(T) + b r+j r+j

+Cylr T > x} [Z E(X +b, /aT(ZL' OO > 7’] = [Z E(X +br) /ar ]) S]]

=1
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and therefore

[Mffj +b ik

a, - < ‘4 :[Z €(X;+by)/ar ((—00, T]) > j].

For a non-decreasing sequence {x;} of real numbers in Supp.,;

P ﬂ [M <u;] } = P ﬂ [Z cexosnnen (0,25]) > ]}

and applying (3.10) yields

—>P{ﬂ —00,;]) > jl} = PZEQ (—o0, 2] >7;7=0,...,k|

:P[gy (Fj+1) <wx;j=0,..., k]
This yields the announced result (3.11). O

4. CONTINUOUS TIME rTH-ORDER EXTREMAL PROCESSES

This section transitions to continuous time problems. The treatment is parallel to what we
gave for discretely indexed processes but here the processes are generated by two-dimensional
Poisson processes on Ry x R and correspond to rth order extremal processes. One example
of an rth order extremal process is obtained by taking the rth largest jump of a Lévy process
up to time ¢t > 0.

The continuous time case differs from the discrete index case, in that there are always
infinitely many values below your present position. This necessitates differences in treatment.
In continuous time we obtain modifications of Brownian motion limits whereas in discrete
time we obtain Poisson limits for the rth order extremes.

The setup is as follows. For some numbers —oco < x; < z, < 0o, and an infinite measure
IT on (x;, z,) satisfying Il(x;, z,) = oo and Q(zx) :=Il(x, z,) < oo for z; < x < x,, let

(4.1) N = Ze(tk,jk)7
k

be Poisson random measure on [0, 00) X (27, ), with mean measure Leb x II. The notation
€(t,2)(+) denotes a Dirac measure with mass 1 at the point (¢, ). Sometimes we write (t, ji) €
supp(NN) to indicate the point (¢, jx) is charged by N. We assume z; and x, are not atoms of
IT and in fact, to make results most elegant we assume I1(-) is atomless. (Otherwise, results
would be stated in terms of simplifications of point processes; see [9].) Our assumptions
mean that

(1) The function Q(z) satisfies Q(z,) = 0 and Q(x;) = o0 so0 Q : (x7,z,) — (0,00) and
Q(z) is non-increasing.

(2) For any t > 0 and z, >z > 2y : N([0,t] X (z,2,)) < oo almost surely.

(3) For any t > 0 and z, > x> 2 : N([0,t] X (2, 2]) = oo almost surely.
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Traditionally, the (first-order) extremal process is defined by ([4-8, 18, 19, 21, 22, 25, 28]),
Y(t)=YOt) =\ ji. 0<t<oo,
<t
the largest 7, whose t; coordinate is at or before time ¢. Alternatively we may write
Y(t) = inf{z >z, : N([0,¢] x (z,2,)) =0} = inf{z > z;,: N([0,] x (z,,)) < 1}.

We develop the analogues of Propositions 3.2 and 3.4 as r — oo for the continuous time rth
order extremal process Y := {Y")(¢),0 < t < oo} defined as,

(4.2) YO (t) :=inf{z >z : N([0,4] x (z,2,)) <7}, t>0.
This means for t > 0, x, > x > xy,
YO t) > 2] = [N([0,1] x (2, 2,)) = 7],
and therefore,
(4.3) YO(t) < 2] = [N([0,4] x (z,2,)) <7].

Alternative ways of considering Y are in [9].

What is the behavior of {Y(’"),r > 1}, considered as a sequence of random elements of
cadlag space D(x;,x,), as r — o00? Unlike in Section 3.3, here there are always infinitely
many points below your current position and thus the left tail condition (3.6) used for M (r)
must be different when considering Y™, We analyze of the range of Y and for the
weak limit behavior of Y™, instead of relying on Poisson behavior, we rely on asymptotic
normality.

4.1. The range R, of Y. Let R, be the unique values in the set {Y)(¢),¢ > 0}. As in
the discrete time case (3.1), we have

(4.4) Ry = (J{n : (b x) € supp(N), N([0. 4] x [ji, 00)) = p}.

p=1

To verify (4.4) suppose x € R,. There exists ¢ > 0 such that Y (¢) = z, and therefore there
exists (ty, ) € supp(N) such that t; < t. If N([0,#] x [x,00)) > 7, then Y (¢) > z, giving
a contradiction. Thus x is in the right side of (4.4). Conversely, suppose j; satisfies that
there exists t;, such that (tx, jr) € supp(N) and N([0, tg] X [jx, 00)) = p for some p < r. Then
there exists ¢ > t; such that N(t,t]] X [jx, 00)) = r — p and thus Y (") (¢) = j;. Therefore, jj,

belongs to the left side of (4.4). O
When II is atomless, the range of Y (t) = Y(1)(¢) is known to be a Poisson process with
mean measure determined by the monotone function S(x) := —logll(x,00),z > 2;. This

is discussed, for example, in [21, page 183]. In fact, from [9, Theorem 6.2, page 234], the
p-records of N are iid in p, and each sequence of p-records forms PRM(S). (A p-record of N
is a point j; such that there exists ¢, making (tx, ji) € supp(V) and N ([0, tx] X [jr, 00)) = p.)
This and (4.4) allow us to conclude that R, is a Poisson process with mean measure rS(-).
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This achieves the continuous time analogue of the discrete time discussion at the beginning
of Subsection 3.2, and without any normalization we have

Ry = supp(S), (r— o0),

in the Fell topology of closed subsets of (z;, z,.).

Paralleling the discrete time analysis, we proceed to obtain a non-degenerate limit for
R,. We have to be more careful in the continuous case. The reason is that R, is PRM
with mean measure rS(-) and S is Radon on (z;,z,), and it may allocate infinite mass to a
neighbourhood of both z; and z,. Recall S(z) := —logIl(z, x;] satisfies S(z;) = —oo and
S(z,) = 0.

Assume without loss of generality that x; < 0 < x,. (If this is not the case, choose an
arbitrary point between x; and x,.) We make a treatment parallel to the discrete one by
splitting the Poisson points of R, into those above 0 and those below. So write

R, =R |JR;

where R are the positive Poisson points of R, and R are the negative points of R,. The
two Poisson processes R are independent because their points are in disjoint regions. Define
the two non-decreasing functions on R,

(4.5) S*(z) =5(0,z] = S(z) — S(0), 0<z<u,
(4.6) S~ (z) =S[—z,0) = S(0) — S(—x), 0<z<—x.

Assume there exist a*(t) > 0, b*(¢) € R and infinite Radon measures SZ on R, such that
as t — oo,

(4.7) tS*t(at(t)x —bT (1)) — SL(x),
(4.8) tS™(a" (t)x — b~ (t)) = S (x).
The form of SE is determined by defining probability distribution tails H*(x) by
(4.9) Hf(z)=e 5@ 0<z <,
(4.10) H ()= @ 0<z< -

Note H*(0) = ¢™57©) = ¢0 = 1 and H¥(z,) = e 5" @) = ¢= = 0 and H(—z;) = 0,
similarly. Then, as in the discussion following (3.3), we find for v* € R that

e 5T = G (—x),

where G, (z) has a form given after (3.5). Note, if we want
at(t)=a (t) and b*(t) =0 (1)

up to convergence of types, we would need [16], —x; = x, and

Ht(x) ~H (z) (z— 2,).

We now summarize.
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Theorem 4.1. The two Poisson processes RE are independent with R, = R} UR,” where
R, has mean measure rST on Ry and —R,” has mean measure rS~ on Ry so that R, are
points on (—o0,0). Asr — o0, the range centered and scaled converges to a limiting Poisson
process,

RE+0bt(r) =RF+b-
( ; (r)7 ; (7“)) N (R;’ —72;0),
a*(r) a=(r)
where the limits are independent Poisson processes on R, with mean measures ST. So if
(4.7) and (4.8) hold, centering positive and negative range points appropriately leads to a

limiting Poisson process such that positive points have mean measure S (-) and negative
range points made positive by taking absolute values have mean measure S (-).

4.2. Finite dimensional convergence of Y as random elements of D(z;, z,). In this
subsection, we give a left-tail condition on II(-) guaranteeing finite dimensional convergence
of Y to a transformed Brownian motion.

Suppose there exist normalizing functions a(r) > 0, b(r) € R, and a non-decreasing limit
function h(x) € R with at least two points of increase such that for a(r)z + b(r) € (z;, z,),

r— Q(a(r)x + b(r))

(4.11) Tli)rgo T = h(x).
Implications:
(1) If we divide in (4.11) by r instead of /r, the limit will be 0 and therefore,
(4.12) Q(a(r)z +b(r)) ~r, (r— o0).

Therefore, since r — oo, we must have that Q(a(r)z + b(r)) — oo and (z;,2,) 3
a(r)x + b(r) — .
(2) For any t > 0,
r—tQ(a(r/t)z + b(r/t)) :t(r/t — Q(a(r/t)z + b(r/t))>
VT Vr/tvi
(4.13) —Vth(z), (r— o).

(3) If we write r — Q = (/7 — vVQ)(v/7 + v/Q) and use (4.12), we get
(4.14) V= QU T 6) —+ 5h(x).

Remember that @) is decreasing and define a probability distribution function G(z)
by G(z) := exp{—+/Q(z)} so that G concentrates on (z;, x,). Then exponentiate in
(4.14) to get

Ve VREMTH) _y (3@ (1 o)
or after a change of variables s = eV7,
(4.15) sG(a((logs)*)z + b((log 5)*)) = se™VQa(logs))atb((l0gs)?) _, o3h(e)
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as s — 00. So we conclude that G(z) := e~V i5 in a domain of attraction of an
extreme value distribution for minima. This technique is essentially the same as the
one used to study limit laws for record values in [17] or [21].

(4) Form of h(x): As we saw following (3.6), if exp{3h(z)} plays the role of g(z) then
h(z) must be of the form

e2"*) = _1og Gy (—x),
where G is an extreme value distribution for maxima of the form
G (2) = exp{—(1 +~2)" "}, y€R, 14z >0.
So

1 ( )_{—%log(l—yx), ify#0,1—~z>0,
5 —

(4.16) —h(x )
x, ify=0,zeR.

Observe that h : supp., — R and 2™ : R — supp, . Recalling the definition of supp,
from (3.7), we have
(_ﬁaoo)a if7<07
supp, ={r € R: 1 —vyz >0} = (—oo,ﬁ, if v >0,

R, if v=0.

We apply these findings to obtain a marginal limit distribution for Y (¢) under the left
tail condition. Assume (4.11). We show that, for fixed ¢, Y(")(¢) has a limit distribution as
r — 00, after centering and norming. This relies on an elementary fact: if { N, } is a family
of Poisson random variables with F(N,,) — oo then

N, — E(N,)

(4.17) Var(N,,)

= N(0,1), (n — o0).

From (4.3), we have

() —
ULDELUD
a(r/t)
N([0,t] x (a(r/t)x + b(r/t),c0)) — tQ(a(r/t)x 4+ b(r/t)) = tQ(a(r/t)x + b(r/t))]
Vi Vi |
From (4.12), /r is asymptotic to the standard deviation of the Poisson random variable
and so the left side random variable converges to a N(0,1) random variable. Using (4.13),

the right side converges to v/th(z). We therefore conclude that under the left tail condition
(4.11), for any fixed t > 0,

. Y () — b(r/t)

< a] = PIN((0,] % (a(r/t)z + b(r/1), 00)) < 7

:P[

< m] = @(\/Eh(m)), T € supp,,

where ®(x) is the standard normal cdf.
Now we can prove the following finite dimensional convergence.
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Proposition 4.2. Assume (4.11) holds with h(zx) given in (4.16). Let {B(t),t > 0} be
standard Brownian motion. Then as r — 00,
Y (t) — b(r/t B(t
a(r/t) t

in the sense of convergence of finite dimensional distributions for t > 0.

Proof. We illustrate the proof by showing bivariate pairs converge for two values of . So
suppose 0 < t; < ¢ and x; < xg are in supp,, and we show as r — oo,

YOU(L) —b(r/t) . —(B)
P[ o gxi7z—1,2}—>P[h ( ; )<x2,1—12
(4.20) = P[B(t;) < t;h(z;); i =1,2].

We express the statements about Y in terms of the Poisson counting measure and consider:
< E[U yt] X (a(r/t)zy +b(r/t1), 00 )))
N([0,22] % (a (T/t2 9 +b(r/ts), 00))

)
( (0 tl (T/tl)(l’l,.TQ] + b(?"/tl), )) ([O tl] X ( (T/tl)l’g + b(?"/tl), )))
N([0,t1] x (a(r/ta)zs + b(r/ts), 00)) + N ((t1, 2] x (a(r/ta)zs + b(r/ts), 00))

(N1 + N,
S\ Nz + Ny
Consider the four terms N;, ¢ =1,...,4 in turn.

(1) The term N; appropriately normed converges to 0,
N([0,t1] x (a(r/t1)(z1, z2] + b(r/t1),00)) — t11(a(r/t1) (21, 2] + b(r/t1))

(4.21) N = 0.
The reason is that the centering is
tlﬂ(a(r/tl)(xl, 1’2]) :tlQ(axl + b) — tlQ(axg + b)
vr 7
_r=tQazs +b) r—1uQ(ax, +b)
- Vr Vr
=\t (h(xe) — h(xy)) > 0.
So the left side of (4.21) is of the form (N, — A,.)//r where \,./y/r — ¢ > 0 and thus

Var(( )/f) =\ Jr — 0,

which verifies the convergence to 0 in (4.21).
(2) The term N, becomes asymptotically normal. Let Z; be a standard normal random
variable and apply (4.17) and (4.12) to get

N([0,t1] x (a(r/t1)zs + b(r/t1), 00)) — t1Q(a(r/t1)x2 + b(r/t))
N2

=Vt Z;.
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(3) For Nj, despite its dependence on the variable t5, we also find

N([O,tl] X (a(r/ty)zy + b(r/ts), oo)) — t1Q(a(r/ty)xs + b(r/tsy)) NV
NG 147-

This result uses a combination of the reasoning that was used for Ny, Nj.

(4) The term N, is independent of N, Ny, N3 so there is a standard normal variable
Z2 A Z1 and

N((tl,tg] X (CL(T’/tg).TQ + b(’f’/tg), OO)) - (tz — tl)Q(CL(T’/tQ).TQ + b(’f’/tg))
Jr
We conclude from this carving that
N([O, tl] X (a(r/tl)xl + b(T/tl), o0
\/F
N([O, tg] X (a(’l“/tg)flfg + b(’l“/tg), o0
Jr

(T

= Vi —t125.

)) — t1Q(a(r/ty)x1 + b(r/ty))
)) — t2Q(a(r/ts)xzs 4 b(r/ts))

ViZi +t =t Zs
as 7 — oo. Use (4.3) to write,
Y(T) (tl) — a(r/tl)

b(r tl 21
y () (tz() 1 a)(r/tg) = (@)]
b(’/’/tg)

N ([0, 1] % (a(r/t1)xy + b(r/ty),00)) — t1Q(a(r/tr)z1 + b(r/t1))

_p VT
N ([0, t2] % (a(r/ta)xs + b(r/ts),00)) — t2Q(a(r/ta)zs + b(r/ts))

\/F

<

<

\/7
<|r- t2Q(a(r/ta)xs + b(r/ts))

r—tQ(a(r/t)z + b(r/h)))

— P[\/EZl < tlh(l'l), \/EZl + Vit — t1Z2 < tgh(l’g)] (as r— OO)

B(t)
<h
tl = (xl)v tz

= P (P < g e (P22

t 2
This verifies (4.20). O

— })[
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5. FINAL THOUGHTS

The results of this paper suggest some obvious questions the answers to which have so far
eluded us. Is there a jump process limit — presumably some sort of extremal process — in
(4.19) corresponding to some sort of Poisson limit regime as opposed to the Brownian motion
limit regime? In Proposition 4.2 is a stronger form of convergence — say in the .J;-topology —
possible? And so far, the mathematics of proving in a nice way that {Y(T), r > 1} is Markov
in the cadlag space D(0,00) has not cooperated.
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