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Abstract

Preferential attachment is a widely adopted paradigm for understanding the
dynamics of social networks. Formal statistical inference, for instance GLM
techniques, and model verification methods will require knowing test statistics
are asymptotically normal even though node or count based network data is
nothing like classical data from independently replicated experiments. We
therefore study asymptotic normality of degree counts for a sequence of growing
simple undirected preferential attachment graphs. The methods of proof rely
on identifying martingales and then exploiting the martingale central limit

theorems.
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1. Introduction

Preferential attachment is a widely adopted model for understanding social
network growth. The assumption posits that nodes with a large number of existing
connections are more likely to attract connections from new nodes joining the
network. This paradigm is one of the justifications for perceived power law behavior.

Statistical analyses of social networks is complicated by the fact that node based
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data is nothing like classical iid data obtained from repeated sampling. Efforts
at statistical estimation and model confirmation center around graphical based
slope methods, regression models for the center of the data and tail estimation
methodology. These statistical techniques are adaptations of classical methods but
currently are largely without justification. Yet they produce reasonable answers

and plots.

We begin a program for justifying statistical methodology by examining the
asymptotic normality of counting variables for the number of nodes of degree k
in a simple undirected preferential attachment model described in [11, Chapter 8].
We let N, (k) be the number of nodes of degree k at the nth stage of development
of the network. It is known N, (k)/n — pr and for our model, the sequence {py}
can be exhibited explicitly. The martingale central limit theorem allows us to
prove asymptotic normality for /n(Ng(k)/n — pr). This emphasizes consistency
of the empirical count percentages as estimates of {p;} and provides confidence

statements for the estimates.

We describe the undirected preferential attachment model in Section 1.1 and
give known mathematical results that we need in Section 3. Asymptotic normality
is considered in the simplest case £ = 1 in Section 3 and for the general case in

Section 4.

Acknowledgement. After writing and submitting our paper, we became aware
that T. Mdri [9] considered a similar model without self-loops and derived the

asymptotic normality of degree counts using martingale central limit theorems.

1.1. The model for preferential attachment.

We consider a simple growing undirected graph with preferential attachment that
is outlined in [11, Chapter 8] or [5]. The random graph at stage n is G,, = (Vy,, E),
the set of nodes or vertices is V,, := {1,...,n} and the set of undirected edges is
E,, a subset of {{i,j} : 4,7 € V,}. For v € V,, let D,(v) be the degree of
v at stage n; that is, the number of edges incident to v. As a convenient and

harmless initialization, assume V; consists of a single node 1 with a self-loop so
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that D1(1) = 2.
Conditional on knowing the graph G,,, at stage n + 1 a new node n + 1 appears

and with a parameter § > —1, either

1. The new node n + 1 attaches to v € V,, with probability

D,(v)+4¢
n(2+48) +(1+49)’

or

2. n + 1 attaches to itself with probability

1+6

210+ (1+0) 2)

In the first case D, 41(n + 1) = 1 and in the second case D, 11(n+ 1) = 2. It is
standard for this model that

Z D,(v) =2n

veEV,

and thus the attachment probabilities in (1) and (2) add to 1.

2. Martingale Central Limit theorem

Martingale central limit theorems have been used for a long time. In order
to make the paper self-contained, we present the statements we will need in this
section. We start with a one-dimensional martingale adaptation of the Lindeberg-

Feller central limit theorem ([4, Chapter 8] or [6]).

Proposition 2.1. Let {X,, m, Frm, 1 <m < n} be a square integrable martingale

difference array satisfying
2 P 2
1. Voni=><n E(X; |l Fom-1) = 0 as n — oo.
2. ngn E(X?z,ml[an,mbe]|}-n,m*1) Eo0asn— oo for all e > 0.

Then as n — oo,

Zn: Xpm = N(0,0%). (3)

m=1
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Proposition 2.1 can be extended to the multivariate case using the Cramér-Wold
device. We give the statement we need but omit the proof as many versions are in

the literature. See for example [3, 7, 8].

T

J

Proposition 2.2. Let { Xy m, Fom, 1 <m <n}, Xy = (Xnmts - Xnm,d)
be a d-dimensional square-integrable martingale difference array. Consider the dxd

nonnegative definite random matrices
n
Gn,m = (E(Xn,m,an,m,j|]:n,m—1)y ia.j = la ceey d)7 Vn = Z Gn,ma
m=1

and suppose (Ay) is a sequence of I X d matrices with a bounded supremum norm.

Assume that

1. AV, AT B asn— oo for some nonrandom (automatically nonnegatively

definite) matriz X.

2. ngn E(Xz,m,il[‘xn,m,i‘>€]“Fnym_l) B0 asn— oo foralli=1,...,d and
€ > 0.
Then in R,
> AXnm =X, (n— ), (4)
m=1

a centered I-dimensional Gaussian vector with covariance matriz 2.

3. Asymptotic normality of degree counts

For k > 1, let N, (k) be the number of nodes in G,, with degree k:

No(k) = > Lp,(v)=k-
veEV),

Using concentration inequalities and martingale methods it is shown, for instance
in [11, Chapter 8] that there is a probability mass function {pg,k > 1} such that

almost surely as n — oo,
Ny (k)

-, k2>1, (5)
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and

e ((2+5)F(3+25))F(F(k+5) T(k + 6) ©)

T(1+0) i35 OTwhssra

Of course I'(-) is the gamma function. In particular, for k =1

249
b1 = 3+ 25’
and as k — oo, power law behavior is
pr ~ c(8)k™370,

We consider the asymptotic normality of N, (k)/n — py for & > 1, and we start
with the simplest case of k = 1.

When proving the asymptotic normality for the number of nodes of degree 1, we
will use the abbreviations

_1+9 n

= —Q, Wy, — .
77955 " n+y

v, = E(N,(1)),

Note N;(1) = v; = 0 since the initial node has a self-loop so D;(1) = 2.
Let F,, be the information from observing the growth of the network up through
the nth stage. Then
E(Nnt1(1)|Fn) = No(1) + E((Nng1(1) — Nu(1))[Fn)
= Np(1) 4+ E(Ljn41 tinks to veVis Dy () >1]1Fn)
= N, (1) +1— P[n + 1 links to itself |F,,]

— Pln+ 1 links to v € Vp,; Dy (v) = 1|F,]

and using (2) and the fact that for the last term D,,(v) = 1, we get

1+9 1+46

:N"(1)+1_n(2+5)+(1+5) _n(2+5)+(1+5)N”(1) @
= Na()(1 = )+ (= )

= wp, N, (1) + wy,.
We conclude

E(Npt1(1)[Fn) = wnNu(1) + wy, (8)
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Uni1 = WnVp + Wy 9)

We claim

M L Nn+1(1) — Un41 NnJrl(l) - Z?:l H;’L:l W
n+1l -— n - n

H]:l wj H]:l wj ’

is a martingale. This is verified using (8) and (9).

n>1 (10)

Consider now the martingale difference

Npi1(1) — vy, N,(1) — v,
dn+1 ::Mn+1 - Mn = +1(n) o ( )

—1
[Tj= wj T2 w;

:H"-lle (Nnﬂ(l) — Una1 — (W Ny (1) — wnz/n)>
M(Nnﬂa) ~ N (1) + No(1)(1 = wy) fwn). (11)

As above,

Npt1(1) = Np(1) = Apg1 = 141 links with veVi; Dy (v)> 1]

and A2, = A, 1. Therefore,
1
i 0T, w2 (An-l-l + 28041 (N (D) (1 — wy) — wy)

j=1Wj

(N1 = w) — wn)?)

=W(An+l{1 F2((1— w)Na (1) — )
(1= wa)Na(1) = wn)).
Since
BBl Fa) = BNuin (1) = Na(DIFn) = 1= = (1+ Na(1))
we have
Bl F2) = o (0 200 ) Na(h) — w)} (1 (04 N (1)

(1= wa) Na(1) = w,]?)
1
T TG

We need the following observations:

(12)
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(a) w, =n/(n+7v) =1, as n — oco.

(b) 1 —wp, =v/(n+~)~~v/n—0.

(¢) Owing to the usual recursion on the gamma function,

F(n—i—l—l—’y)_nl LT
W—g(n‘i‘V—J)—g(’Y‘*‘Z)-

(d) Therefore we have

I'(n+1)
ij _H(J +v) “Tarity Y

1
~T(1+9)n~7 = D(—)n™ (13)
b1
by Stirling’s formula.
(e) We have
lim Nu(l) _ = lim 2 =p, = 249
n—oo N n—oco n _p1_3+25.

This allows us to evaluate lim,, o x» in (12) as

co(8) =(1+2(vp1 = DI[L = 1)) + (yp1 = 1)* = pa(1 = p1)

1+6\/2+96 (1+6)(2490)
:<3+25)(3+25) T B+20)? (14)
Therefore from (13), (12) and (14)
Bl ) ~ ) = ey (15)

@ +y)n=7)?
with

c1(8) = ¢o(8)/(T(1 +7))*.

Keeping in mind that the asymptotic equivalence in (15) holds a.s, we apply

Karamata’s theorem on integration (eg, [10, page 25] or [2]), to obtain

ZE(d?+1|‘F]) ~ C’;@n27+1 = 0.2(6)n2’7+1’ (TL N OO), (16)
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with
(1+9)(2+9)

7°0) = (3+20)2(2y + 1)(T'(1 +7))?"

(17)

Now set
dnm = dm 1<m<
n,m — W; =m=n,
and the first condition of Proposition 2.1 is satisfied. For the second condition of
Proposition 2.1 observe that from (11), we get by ignoring constants and remem-

bering |A,,+1] < 1, that, as m — oo,

ldnms1] > € =[|dms1] > en?1/?]
1
_ 14+ N (1)(1 = wy) — wyn| > en? /2]

Hj:l wj

Clem?|(const)| > enV+1/?]

cl

Clen”|(const)| > en? /2],

So with probability converging to 1 as n — oo, all the indicator functions 1y, . |>¢
vanish, and this verifies the second condition for the central limit theorem.

We conclude from Proposition 2.1 that (3) holds. Unpacking (3), we find

n
§ dn,m =
m=1

Use (13) to get

n

Z o (&) Tz 0(5)n7+1/2< T )

m=1 j=1 Wj

= N(0,51(3)),

\/E(Nn(l) B ﬁ) _ Nn\/—ﬁyn

where 01(0) = T'(1 4+ )0 (). Since there exists K such that

n n

oo
\/ [vn —np1| < K,

n=1

(eg, [11, Section 8.5]), we may conclude the following.

Proposition 3.1. The number of nodes at stage n with degree 1 is asymptotically

normal,
vi(2 ) = No.0t),
where ,
0%(6) _ (1+6)(2+0)

(34 256)2(4+36)°
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4. Normality for the number of nodes of degree k, k > 1.

The results of Section 3 show how the martingale central limit theorem can be
used to prove that the deviation of the fraction of the nodes in the nth graph,
that have degree 1, from their limiting fraction, is of the order n='/2 and, when
normalized by that quantity, has a limiting centered normal distribution; this is
the content of Proposition 3.1. It turns out that this distributional result is valid
for all node degrees simultaneously. More specifically, a central limit theorem in

RN holds, and the limit is a centered Gaussian process.

Theorem 4.1. The proportion of nodes with given degrees satisfy the limiting

distributional relation
N, (k
(ﬁ(Tf)—pk),k=1,2,...>:>(zk,k:1,2...) (18)

in RY, where (Zk, k = 1,2...) is a centered Gaussian process with covariance

function Rz given by (45).

Remark 4.1. We precede the proof of the theorem with a number of comments.

First of all, weak convergence in RY is equivalent to convergence of the finite-
dimensional distributions; see [1].

It is clear also that, for every fixed n, the stochastic process in the left hand side
of (18) will have at most n random elements; however, all elements in the limiting
process are random.

Finally, the variance of Z; in the right hand side of (18) is given in Proposition
3.1.

Proof of Theorem 4.1. As in the one-dimensional case of Section 3, we will use
a martingale central limit theorem, so we start with constructing a suitable mar-
tingale for each fixed node degree. For k = 1,2... we denote v, (k) = E(N,(k)),

n >k (so that v, = vy, (1)). It follows from (5) and bounded convergence,

V”T(k)—mk, k> 1. (19)
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Let
n—1 k+(5 -1
(k) — 1—- - >k 2
n [g( i(2—|—5)+1—|—5) P = (20)
so that
o) (o kFO T 21
“nt1 = Gn ( (2+5)+1+5) ’ (21)

and for future use, note that by the Stirling formula,

o Tt +9)/@+o)r (k+<1fk>/<2+6>> (22)

T (T 0)/@+ )T+ (1— K)/2+9))
P(k+(1-k)/(2+9)) nk+0/(2+0) (1 50)
TTkr(0)/210)"

(k)

so that as a function of n, as,’ is regularly varying with index (k+0)/(2+46). Also

define,
k—1 .
+90 . T(k+0) .
bR TT L0 i Ty g 23
j Esz D TG ey PSS (23)
We use the usual conventions to set a b(k) =1, and set
k
MF) = gk Zbk () — vn(4)), n>k. (24)
=1

The process (M,(ll)) coincides with the process (M,,) defined in (10) and we already
proved the latter process is a martingale with respect to the filtration (F,). Now
we check that for each k > 1 the process (Mr(Lk), n > k) is a martingale with respect
to the same filtration.

Recall the dynamics of the of the counting processes (N, (k)): for each fixed n,
there is a partition of the sample space into disjoint events A, (k), &k = 0,1,...,
n>1,n >k, with

ko N, (k), k=1,...,n

P(An(k)|]:n) = 2+ +I+9) 7 (25)

146 _
n(2+0)+(1+9)° k=0.

The event A, (k) is the event that a new node appears at stage n + 1 and attaches

to v € V,, with D, (v) = k while A4,,(0) is the event that a new node attaches to
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itself. In terms of these events, for each £ > 3 and n > k,
Np(k)+1 on A,(k—1),
Npy1(k) =4 N,(k)—1 on A,(k),
Nn(k) on Ujg (k—1,k} An (),
for k=2 and n > 2,
N,(2)+1 on A,(0)UA,(1),
Nng1(2) =9 No(2) =1 on A,(2),
Nn(2) on szgAn(j)7

while for k =1 and n > 1,

N (1) _ Nn(].) + 1 on UjZQAn(j) s
m N (1) on A, (0) U Ay (1).

In particular, for n > k,

B(Noi1 (k)| Fn) = (1 e fﬁdu T 6)) Nt
k—1+96
Taernrary RS
E(Npy1(2)|Fn) = (1 a2+ c?)tré(l + 5)) N(2)
1490 (14 Na (1))

n(2+0)+ (1+90)

Taking the expectation, we see that

k40
Vnt1(k) = <1 Y +6)) v (k)
k—1+6
+n@+5y+u+®VMk*D’k23
244
Vnt1(2) = (1 T (1+5)) Vn(2)
1446

M2+&+%1+®(L+%GD'

The corresponding dynamics for k = 1 is given in (7). Therefore, for n > k,

k
B(MY) | F) = all S 0 B[N (7) = v (7)) | Fa]

j=1

11

(26)

(27)
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(k) ,(k)_ T
=a, /b N, (1 vn(1
n+171 n 'Y( ( ) ( ))

a |+ . .
Fah o u (1 o ies ) ) = (i)

L =140
n(2+9d)+1+0

- “{Z W) (1 T a2+ §>++5<1 + 5>)

j=1

CAES IS 1>)}

(k) j+6 . .
+bj+1n(2_|_5) +(1+5):| (Nn(j) _Vn(]))

() k46
o O_“@+®+u+®>WM“—%%D}

and elementary calculations show that this is the same as the right hand side of

(24). Therefore for each k, the process (M,gk), n > k:) is indeed a martingale with
respect to the filtration (Fp,).

For k =1,2,... define a k-variate triangular array of martingale differences by

Mg M9,

X ;= . ,m=k+1,....,n, j=1,...,k, 33
n,m,j aﬁf)nl/Z J (33)
for n = k,k+ 1,.... In order to use the multivariate martingale central limit

theorem in Proposition 2.2, we compute the asymptotic form of the quantities

Gn,m(zaj) ::E(Xn,m,an,m,j’fm—l) (34)
:(aﬁf)ag)n)_lE((Mr(rf) - Mi?—l) (Méf) - Mfi)_l) ’fmq) ;

m=k+1,...,n,t,7 =1,..., k. By the martingale property,

B((MS% = M) (M0~ MD)|F) (33)

% J

[ 7 d i ; ; 1 .
—E by(égﬂA@il—agﬁm?)E:bYK¢QHA@L1—a%UW@”}@]
d=1 =1
i J
7 7 d i 1 : 1 .
bfz : (a‘gn)leyﬁnjrl - a‘gn)yr(r{f)) Z bl(J) (agrjl)JrlyfnLI - a%)%(fz)) .

d=1 1=

—

We begin by analyzing the behaviour of the deterministic term in the right hand
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side of (35). We claim that for every i > 1,

d i i
S S P U )
n d=1

with bgi) given by (23). Indeed, for d > 3, by (20) and (31) we have
2D D @ 0 (o t—d ey d—140
Gnt1Vnt1 = G Pn 7 = G <V” n(2+6)+1+4 tn n2+6)+1+6

-~ (i —d)pa+ (d—1+6)pa—1 o
2406 "

as n — oo by (19), the fact that agl_)H ~ a'? and the same is true for d = 2 by (32).
Similarly, using (7), we obtain for d = 1 that

i — 1 i ni—1
2 = a0 ~ () ) = al) i)

as n — 0o. Therefore (with py = 0),

. 1 7 d i

lim W Z b&)(aflj_lufll — aSL)V,(Ld))

=00+ NS00 — d)pa + (d— 1+ 8)pa_i] = b1,

since

Zb d)pa + (d — 1+ 8)pa_1] Zpdz— D 4 (d+ 8] =0. (37)

Next, by (26), (27) and (28),

) N1 (d) — a® N (d) = ol (Nn(d)m + Bn(d)> :
with
1 onA,(d-1),
Bn(d) =14 —1 on A,(d), for d > 3,

0 on Ujgrq—1,4yAn (),

1 on A,(0)UA,(1),

B.2)={ —1 on A,(2), (38)
0 on Uj>3A4,(j),
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1 onUj>24,(j) ,

B - {
0 on A,(0)UA,(1).

Therefore, as n — oo,

[ @) Zb 031 N1 (d) = a) No(d)
fn]
i+6
Zb()< 2+6)+1+6+B(d)>x

() J+9é
Z” (M0 s+ 50 fn]

N0, Nn(d) @) ; Nn(1)
*Zbd (Z+5)n(2+5)+1+5zbl U+ sy +140

x Z b7 (al9), Ny (1) — a9 N, (1))

N,(d ;
+dzlb() z+5)<2+5)(+)1+62b( B, ()| Fn)

() Ny (1) i)
+;b (G +9) (2+6)+1+6Zb E(Bn( @)} )

i J
zzb< b7 (B (d)Ba (D))
d=1 =1
= Sl,n Z?]) + SQ,n(iuj) + S3,n(i7j) + S4,n(i>j) .

It follows by (5) that

‘@ N, (d) Ty
b (i + 6 n bpy as. .
; a (it )n(2—|—5)—|—1+5_>2+(5d:1 q'Pd 8.5.85m =00

Next, by (38),

Z) () 1+6
) 146 2490
*lizaba [(2+6)+1+5<1 D) = o )

146 d+9
1, b)) _d71¥0 Nya—ny-—9T0 N
* >3Z [ (2+0)+1+46 (d=1) n(2+6)+1+6 ()}
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a.s., where at the last step we used (37). We conclude that, with probability 1

o ((+6)(+9) Ay
Sl,n(z7]) ( 2+‘ZS Zb( Zbl(])pl7
-1

G J+9o ()
Son(i,7) _>2+5Zb (b ?Zbl pl>,

G, i+,
Sl ) = 2+ézb ( 240 & ba )

Finally, we consider the term Sy ,(i,7). Note that, by (38), we have the following

cases.

1. On A,(0)U A, (1):

1 ifdilie{lm+1}ord=1l=m
-1 ifd=m,le{l,m+1}torl=m,de{1,m+1}.

Therefore, using the convention bg) =0 if d > ¢, we can write

. (i) () 1+0 )
n(i,3) = byb 1+ N,
Sunlld) =070 e s (L )

+Z b — b8 + b ) (b — b()+b7(n+1)—(2+6)+1+6 ()

> m+4 i i ; ) .
53 I G0 b+ 600) (6~ 0+ 6 )
m=1
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a.s. as n — oco. We conclude that, with probability 1

1 i ,L' ¥ . . i
E [au‘) o (M5 = M) (M)~ Mﬁ”)‘fn} — a(i, )

::ZZ:g(b() b 160 ) (69— b9 + 59

m—+1
m=

@y i+0 () )y Jt0o ( )
- - b by’ b’
( ' 24946 Z ) ( 24946 Z
Next we simplify the expression for a(i,7), to make it clear that a(i,7) > 0 for
all 4 > 1. Note that, by (6) and (23), for each 1,

i—1
Zbd pa = (6 z+5z L
d=1

d)!T(d + 3 + 20)

(1 - 1 1

=S o z+2+25 dz;: d{ d)!T(d + 2 + 20) (z’—d—l)!l“(d+3+25)}
(=) +4) 1 . 1

=) 2% ((i—l)!l“(3+26)+(1) 1r(¢+2+25))’

where at the last step we used the telescoping property of the sum. Elementary
algebra now gives us for ¢ > 1,

@ i+0 246 (=103 +6)
b 2+5Zbdpd_ T(146) (i —1D)!ITGE+2+25) (40)

Similarly, for ¢ > 1, using a telescopic property,

oo

m+d .6 6, () \2 T'(m+1+94)
m§12+5(b1 b+ binla) o = (b1 5 < T(m+3+20)
B T(m+1+9) F(m+2+5)
= (0 5 1+5 D(m+2+25) T(m+3+26)

_ (b(i))Q 0(5) (i +2+96)
2 (140)(240) T3 + 3+ 26)

(
P(3+20)  T(i+2+06)(T3i+0))>

D2+ 0)(D(1+6))° T +3+20)((i — 1))
Therefore, by (40),

m=i+1

‘ 2
o = m+d i ) \2 AR
R o e )
1
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—-1].

_( 240 L(i +6) )2{ F(3+20) (i+2+20)(i+2+96)
C\T(A+8) (-1 +2+20)) [(2+6)T(3+ ) [(i + 2 + 26)

Note that the expression inside the bracket is greater than

F(3+25) T(i+2+0)
(24+0)I'(3+0) (i + 1+ 20) ’

and, since for 0 < b < a, the ratio I'(z + a)/T'(z + b) is increasing in > 0, the

above difference is, for ¢ > 2, at least

F(3+20) T@+2+6) 3+

1>0.
(24+0)I'(3+0)I(2+1+26) 2+46

This shows that a(i,i) > 0 for all ¢ > 2. The fact that the same is true for i = 1

can be seen directly from (39) (and was also shown in Section 3).

We know from (39) that
nGpa(i, j) = a(i,j),  (n— o00),

and from the definition (34) we have
(@) ()
Qe Qi .
Gn,m - (,L) (7,) me,m(Z? ])

nan’ an

and from the regular variation property after (22), the function

u(m) = alaldmG m (i, §)

is regularly varying with index (i + j + 20)/(2 + ¢). Therefore, from Karamata’s

theorem on integration of regularly varying functions

n n
Vlisd) = 3 Gunlind) = et
m=k+1 nan’ a’
nu(n) a(i ) 2496
(L pallal) iR

foré,j =1,...,k, where a(i,j) is defined in (39). This verifies the first condition
the martingale central limit theorem of Proposition 2.2 (with each A4,, being a k x k
identity matrix.) The second condition of the theorem holds as well, since by (26),

the differences are bounded,

|(No(5) = vn(5)) = (Nn=1()) — vn—1(j))| <2 for all j,
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hence, as in the one-dimensional case of Section 3, for all n large enough, the events

{Xnym,j > e} are empty for all m < n and all j. We conclude that
1k
k . .
W2b§ HNWG) —vn(), k> 1| = W k=1,2..) (41)
j=1

in RY, where (Yk, k = 1,2...) is a centered Gaussian process with covariance
function Ry given by

2496

2% aGiq). i i>1. 492
Z.+j+2+35a(1,1), i,j > (42)

Ry (i,j) =
We use this covariance function to define the k x k matrix
Ry = (Ry(i,7),1 <i,j <k).
For a fixed k =1,2... the convergence in (41) means that

Na(i) =) ! .
Ck(nlﬂ,]:].,,k :>(Y],]:].,,k),
where C}, is a k x k matrix with the entries

@ .

_ )b s
Cij =

0 Jj>t.

Using the easily checkable identity, valid for any real r,

%

S rmmapp™ = (14 1), 1< <, (43)

m Vg
m=j

we can check that the inverse of Cy, Dy = C’,;l, has the entries

d . = (1)) j<i
i j>i.
We conclude that

Nn(])_l/n(]) . . T
(W,jzl,...,k :>Dk<Yj,j=17...,k) ,

and the covariance matrix of the limiting Gaussian vector is given by

Yy = Dy Ry . DY,
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where Ry is the k x k matrix given after (42).
In order to facilitate the calculation of the entries of the matrix Xy, we write the

matrix Ry, in the form

Rmth/ (24 0)e @30 R  dx,

where
—1 m =0,
hpp = 5
Zfépm m=1,2,...

and the matrix R,, . is a k X k matrix of the form
T = Cz,;’zcm,w .

Here C,, ; is a vector with the entries

(07 = 22520 6P pa) e, i 21 m=0

(00 = bl + 61 e i >1 m>1.

Therefore,
Sp = Z P / 2+ 8)e” @D CT  Cppow D} da .

Note that by (44) and (43), for any m > 1 and i = 1,2,.. .,

(D) (0) = S0(-1 b0 () —b2) 442 )5

j=1

1 m)i—m—l )

ze_‘rbgi)(—l—&—e_x)i_ —e_mzbgfl)(—l—l—e_‘r)i_m—l—e (m+1) Ib,:I)H( 1+e™

Therefore, for m > 1 and i,j =1,2,...,

(DvCT, ) (i) (DrCT, ) (G) = bb e (—1 4 e7%) 72
_ (bgi)bﬁj) +b(i)b(j))67(m+1):r (71 Jrefm)iﬂ'fmfl
+ (bgz)b(J 1—|—bm+1b ) 7(m+2)m(_1+67m)i+]’—m—2
+ bgril)bgrﬂl')e—zmx (_1 +e—x)i+j_27”

- (B + B e e (e
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+ bgr?+1b(]+ e (2m+2)z(71 I e,w)iﬂ;szz

Z 0)20.)

We have:
]gm(2+wne—@+3®xeggxuj>dx
::(_1)Hﬁ(24_6ﬂé@by)]éaje—@+3®x(l__e—zy+j—2dx
= (=) 2+ B4 +35,i+5—1)
= (-1 2+ 6)b§i)b(])r(§(j f?(j * ;5)2”

Similarly,

| o el g do
0

i W I(m+34+30)(i+j—m—1)!
_ 1)iti—-m(9 L § )b(]) b(z)b(ﬂ) 7
= St - ) L'(i+j+3+30)

/ 2+ 6)e~ @324 (i, f) du
0

T(m+4+38)(i+j—m-—2)
T(i+j+3+39)

= (=)™ (2+4) (b( )bgz)ﬂ + bgz)ﬂbgj))

i

| o oo (i) do
0

2m+2+38)(i +j — 2m)!
I'(i+j+3+30) ’

= (-1 (24 5)b7(7il)b£7]l') I'(

T(2m + 3+ 36)(i + j — 2m — 1)
T(i+j+3+30) ’

e )

/ 2+ 6)e= 302900 (i ) di
0

i+j i h T@m+4+430)G+7—2m—2)!
— (—=1)"19 (2 @ ¢
U@+ s 1bm T(i+j+3+30)
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Similarly, by (44) and (40), for i > 1,

2+9L(i+0) § 1

=1

Therefore, for i,j > 1,

| e (0408 0)(CouDF) () ds
0

_ (240)’T(i+0)I'(j +9)
(C(1+4))°

%

ZZJ: (=1)te(ly 154+ 2+ 30)~!
e Lt (= 1) — D)IT(h +2+20)(j — )M (l2 — )T (2 +2+26)

SO R Lt A v 7y 31y s o7

21

We conclude that the covariance function of the limiting Gaussian process (Zk, k=

1,2...) in (18) is given by

(_1)i+j
T(i+j+3+30)

RZ<Z?.7) =
3" (m+ 8)pu BB T (4 + 36) (i + j — 2)!
m=1

(=)™ (06D + bDbIN T (m + 3 4 36) (i + j — m — 1))

+

+ (=)™ (B 8D ) (m 4 4 4 30) (i + j — m — 2)!
+ bOPDT(2m + 2+ 36) (i + j — 2m)!
+ (DB oD BT (2m + 3 4 36) (i + j — 2m — 1)!

+ 0 b9 T(2m 444 38)(i 4+ j — 2m — 2)!]

_(2+6) TG+ 0T+ 90)
(T(1+96))°

(=) H2(ly + 1y + 2+ 38) !

Z Z (i — 1) = DTl +2+28)(J — 1o)(ls — )T (I + 2+ 20)

l1=112=1

Once again, it is possible to show that Rz(i,4) > 0 for all ¢ > 1. We omit the

argument.
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5. Concluding remarks

We are currently extending these methods to directed graphs where each node
is indexed by at least two characteristics such as in and out degree. Our goal
is to evaluate inferential methods for estimating model parameters that require

asymptotic normality results such as presented here.
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