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ABSTRACT. For the directed edge preferential attachment network growth model studied by Bol-
lobas et al. (2003) and Krapivsky and Redner (2001), we prove that the joint distribution of in-degree
and out-degree has jointly regularly varying tails. Typically the marginal tails of the in-degree dis-
tribution and the out-degree distribution have different regular variation indices and so the joint
regular variation is non-standard. Only marginal regular variation has been previously established
for this distribution in the cases where the marginal tail indices are different.

1. INTRODUCTION

The directed edge preferential attachment model studied by Bollobés et al. (2003) and Krapivsky
and Redner (2001) is a model for a growing directed random graph. The dynamics of the model
are as follows. Choose as parameters nonnegative real numbers «, 3,7, 0y and dout, such that
a+ B+~ =1. To avoid degenerate situations we will assume that each of the numbers «, 3,y is
strictly smaller than 1.

At each step of the growth algorithm we obtain a new graph by adding one edge to an existing
graph. We will enumerate the obtained graphs by the number of edges they contain. We start with
an arbitrary initial finite directed graph, with at least one node and ng edges, denoted G(ng). For
n=mng+1,n0+2,..., G(n) will be a graph with n edges and a random number N (n) of nodes. If
u is a node in G(n — 1), Diy(u) and Doyt (u) denote the in and out degree of u respectively. The
graph G(n) is obtained from G(n — 1) as follows.

e With probability a we append to G(n — 1) a new node v and an edge leading from v to an
existing node w in G(n — 1) (denoted v — w). The existing node w in G(n — 1) is chosen
with probability depending on its in-degree:

Din(w) + 6in
n—14+6,N(n—1)
e With probability 5 we only append to G(n — 1) a directed edge v — w between two existing

nodes v and w of G(n — 1). The existing nodes v, w are chosen independently from the
nodes of G(n — 1) with probabilities

Dout(v) + 5out Din(w) + 5in
n—1+06uN(n—1) n—1+06N(n—1)"

e With probability v we append to G(n — 1) a new node w and an edge v — w leading from
the existing node v in G(n — 1) to the new node w. The existing node v in G(n — 1) is

p(w is chosen) =

p(v is chosen) = p(w is chosen) =
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chosen with probability

Dout(v) + 6out
n—14doutN(n—1)"

p(v is chosen) =

If either 0y, = 0, or dout = 0, we must have ng > 1 for the initial steps of the algorithm to make
sense.

For i, = 0,1,2,... and n > ng, let N;j(n) be the (random) number of nodes in G(n) with
in-degree ¢ and out-degree j. Theorem 3.2 in Bollobas et al. (2003) shows that there are nonrandom
constants (f;;) such that

N,.
(1.1) lim Ni(n) = fi; as. fori,j=0,1,2,....
n—o00 n
Clearly, fop = 0. Since we obviously have

lim N(n)

n—oo N

=1-—0 as.,

we see that the empirical joint in- and out-degree distribution in the sequence (G(n)) of growing
random graphs has as a nonrandom limit the probability distribution

. Ny(n)  fi
(12) A Ny T 1-8

=:p;; as. fori,j=0,1,2,....

In Bollobas et al. (2003) it was shown that the limiting degree distribution (p;;) has, marginally,
regularly varying (in fact, power-like) tails. Specifically, Theorem 3.1 ibid. shows that for some
finite positive constants Cj, and Cyyt we have

o0
(1.3) pi(in) := ZPU ~ Cipi~ %" as i — 0o, as long as ady, +v > 0,
=0

(o)
pj(out) := Zpij ~ Coutj " as j — 0o, as long as yous + a > 0.
i=0

Here
14+ din(a+7) 1+ dout (@ + )
a+f v+ )

We will prove that the limiting degree distribution (p;;) in (1.2) has jointly regularly varying tails
and obtain the corresponding tail measure.

This paper is organized as follows. We start with a summary of multivariate regular variation
in Section 2. In Section 3 we show that the joint generating function of in-degree and out-degree
satisfies a partial differential equation. We solve the differential equation and obtain an expression
for the generating function. In Section 4 we represent the distribution corresponding to the gener-
ating function as a mixture of negative binomial random variables where the mixing distribution is
Pareto. This allows direct computation of the tail measure of the non-standard regular variation
of in- and out-degree without using transform methods. The tail measure is absolutely continuous
with respect to two dimensional Lebesgue measure, and we exhibit its density. We also present in
Section 4.1 graphical evidence of the variety of dependence structures possible for the tail measure
based on explicit formulae, simulation and iteration of the defining difference equation for limiting
frequencies.

(14) ain =1+ , Oout = 1+
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Using the joint generating function of {p;;}, an alternate route for studing heavy tail behavior of
in- and out-degree is to use transform methods and Tauberian theory. This approach is reported in
Resnick and Samorodnitsky (2014).

2. MULTIVARIATE REGULAR VARIATION

We briefly review the basic concepts of multivariate regular variation (Resnick, 2007) which forms
the mathematical framework for multivariate heavy tails. We restrict attention to two dimensions
since this is the context for the rest of the paper.

A random vector (X,Y) > 0 has a distribution that is non-standard regularly varying if there
exist scaling functions a(h) T oo and b(h) 1 oo and a non-zero limit measure v(-) called the limit or
tail measure such that as h — oo,

(2.1) hP[(X/a(h),Y/b(h)) € -] S v()

where “ 5 denotes vague convergence of measures in M ([0,00]? \ {0}) = M, (E), the space of
Radon measures on E. The exclusion of 0 from [E guarantees that the natural tail regions coincide
with relatively compact sets bounded away from 0; this is explained further in (Resnick, 2007,
Section 6.1.3). The scaling functions will be regularly varying and we assume their indices are
positive and therefore, without loss of generality, we may suppose a(h) and b(h) are continuous and
strictly increasing. The phrasing in (2.1) implies the marginal distributions have regularly varying
tails.

In case a(h) = b(h), (X,Y) has a distribution with standard regularly varying tails (Resnick,
2007, Section 6.5.6). Given a vector with a distribution which is non-standard regularly varying,
there are at least two methods (Resnick, 2007, Section 9.2.3) for standardizing the vector so that
the transformed vector has standard regular variation. The simplest is the power method which is
justified when the scaling functions are power functions:

a(h) =h", bh)=h", ~>0,i=1,2.
For instance with ¢ = y2/71,
(2.2) hP[(XC/h2,Y/R?) € -] 5 0(0),

where if T(z,y) = (2¢,y), then & = voT 1. Since the two scaling functions in (2.2) are the same, the
regular variation is now standard. The measure v will have a scaling property and for an appropriate
change of coordinate system, the correspondingly transformed & can be factored into a product; for
example the polar coordinate transform is one such coordinate system change which factors o into a
product of a Pareto measure and an angular measure and this is one way to describe the asymptotic
dependence structure of the standardized (X,Y") (Resnick, 2007, Section 6.1.4). Another suitable
transformation is given in Section 4 based on ratios.

3. THE JOINT GENERATING FUNCTION OF IN-DEGREE AND OUT-DEGREE

Define the joint generating function of the limit distribution {p;;} of in-degree and out-degree in
(1.2) by

(e e lNe o]

(3.1) p(z,y)=> > a'ypy, 0<a,y<1.
i=0 j=0

The following lemma shows that the generating function satisfies a partial differential equation.
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Lemma 3.1. The function ¢ is continuous on the square [0,1]% and is infinitely continuously dif-
ferentiable in the interior of the square. In this interior it satisfies the equation

0 0
(3.2) [e16in (1 — 2) + c200us(1 — y) + 1] + cr2(1 — $)£ + cay(1 — y)%
= ——y+——a,
o+ 7y a+y
where
a+p B+~
3.3 ___e+tr o ___ Py
(3.3) “ 14 din(a+7)’ 2 1+ dout(a+7)

Proof. Only the form of the partial differential equation in (3.2) requires justification. The following
recursive relation connecting the limiting probabilities (p;;) was established in the appendix of
Bollobés et al. (2003),

(3.4) Dij :Cl(i -1+ (Sin)pi—l,j — Cl(i + 5111)])1‘]‘ + Cg(j -1+ 5out)pi,j—1
—c + 6, i+ ——1(t=0,7=1)+ —1(z=1,7=0
2(J + Gout)Dij a+7( i=1) a+7( j=0)

for 7,7 =0,1,2,..., with the understanding that any p with a negative subscript is equal to zero.
Rearranging the terms, multiplying both sides by ‘2’ and summing up, we see that for 0 < x,y < 1,

oo [oe)
(3.5) Z Z(cléin—FcQ(Sout +1+cii+ ef)x'y’ pij = Y+ T

i=0 j=0 atys  aty
ter Y Y (= 1+ 6wz yipiay+ead D> (= 1+ fout) ' y/pij1.
i=1 j=0 i=0 j=1

Since o - o e

Oy C i1 4 dp i

Sowmy) = > i Npy, Sh(wy) =) Y gy,

i=1 j=0 y i=0 j=1

we can rearrange the terms in (3.5) to obtain (3.2). O

The next theorem gives an explicit formula for the joint generating function ¢ in (3.1). It shows,
in particular, that the joint distribution of the in-degree and the out-degree is a mixture of laws
with independent negative binomial marginals. The mixture is over the outcome of a binomial trial
as well as a common random probability for success, which is the reciprocal of a Pareto random
variable. This representation is related to a recent work of Ross (2013). The latter paper considers
the in-degree of a node in a related model, and provides actual bounds on the total variation
distance between the in-degree in the nth graph and a mixture a negative binomial law over a
random probability for success. The reciprocal of this probability has a Pareto law. It is not clear
at the moment whether similar distance bounds could be obtained in the present bivariate case.

Theorem 1. Let

(3'6> a = 02/01 s

where ¢1 and ¢z are given in (3.3). Then for 0 < x,y <1,

(37) QO(.’E, y) = Cl_ly/ Zf(l‘kl/cl)(x + (1 _ .T)Z) —din (y + (1 . y)za)—(5011t+1) dZ
1

a
o+ -y

+ cl_la:/ AV (4 (1~ ac)z)_(é“‘ﬂ)(y +(1—1y)z) —oout g
1
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Proof. The partial differential equation in (3.2) is a linear equation of the form (2), p.6 in John
(1971), and to solve it we follow the procedure suggested ibid.. Specifically, we write the equation
(3.2) in the form

(3-8) aﬁw§j+waw§j=daww+aaw,
with
a(z,y) = az(l —z), blz,y)=cy(l—y),
c(x,y) = 16z + 200wy — p, d(z,y) = a(a+7) Ty +y(a+9) "z,
where

p = c10in + c200us + 1.

Consider the family of characteristic curves for the differential equation (3.8) defined by the ordinary
differential equation

dy _ b(z,y)

dr  a(z,y)’

It is elementary to check that the characteristic curves form a one-parameter family, {Cy, 6 > 0},
with the curve Cy given by

(39 -
' y_l—l—Hx—“(l—x)
Along each characteristic curve Cy the function u(x) = gp(:r, y(x)), 0 < z < 1, satisfies the ordinary

differential equation

, 0<z <.
a

du  c(z,y)u+d(z,y)

1 — = =
(3.10) o = ST = () + ().
where .
€10in® + c20oui (1 + 02741 — 2)%) ~ —
¢1($): 1 2 ut( ( )) P,
az(l—x)
-1
yr 4+ a(l+ 0z~ *(1 — x)°
bal) = ( )
(a+7)az(l —x)
Let H be a function satisfying
(3.11) H'(z) =v¢1(z), 0<z <1,
and define

A(z) = u(z)e @ 0 <z < 1.
It follows from (3.10) that
(3.12) Al(z) = o) 7@ 0<z < 1.

We compute the function u by solving the differential equations (3.11) and (3.12).
To solve (3.11), write it first in the form

Jin P/Cl 6250111:/01 1
H'(z) = - :
(z) l—-2z z(l—2z) 1460z 9(1-2z)z(1—-2x)

It is elementary to check by differentiation that

1 1
= —log(1 — ~1log(z® 1—x)®
/1+9x—a(1—x)ax(1—m)dx og(l—z) +a 'log(z® + 6(1 — z)*) + Cy
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with C7 € R. Therefore, for 0 < z < 1,

(3.13) H(z) = ¢ ' log(1 — @) — pey  log @ + Sout log(z® + 0(1 — z)*) +C1,
implying that

_o, T+ o(l+ 0z~ (1 — :1:)“)_1
=e

—1/c c1(..a a\ —dou
4@ (a+7y)az(l —z) (1= ) eralle (2 + (1 — x)?) ™"
e 1 _5
:(_'_7)7(1 — x>_(1+1/cl)x§in+l/cl (1 + ex—a(l o $)a) out
a+7v)e
—Cy
(6—1_7)(1 _ x)—(1+1/01)$5m—1+1/c1 (1 + 917_&(1 _ m)a)_(1+6out) ‘
a+ )y

We can now write

(314) A(IL') :eicl ﬁ / (1 — t)7(1+1/cl)t51n+1/cl (1 + et*a(l o t)a) —dout dt
aT7v)C1 Jo

_|_ 6—01 « ) / (1 o t)_(1+1/cl)t6in_1+1/cl (1 + Gt_a(l o t)a)_(1+6out) dt + 02
Cl 0

(a+y
with Co € R. Using (3.13) and (3.14) we obtain the following expression for the the function
u(z) = ¢(z,y(z)), 0 < 2 < 1 along the characteristic curve Cj.

u(a;) :A(Z’)eH(x) — - :'Y_ ,ycl_l(l _ x)1/61x7(§1n+1/01)(1 + 9:67&(1 . x)a)(sout

. / (1 — t)_(1+1/cl)t5in+1/cl (1 + Qt_a(l _ t)a) —dout dt
0

+ Cl—l<1 . x)1/01$—(51n+1/01)(1 + 0271 — x)a)lsout

o+
: / (1 — )~ (rtengdn=T41/er (1 4 gpma(r — ¢)7) "0 gy
0

+ 03(1 _ x)1/61x*(5in+1/cl) (1 + foa(l _ x)a)5out

with C3 = C3(#) € R. Multiply both sides of this equation by z*ewtr/c1 and let # — 0. Using the
fact that the generating function is bounded, we see that C3 = 0. We can now obtain an expression
for the joint generating function ¢ everywhere in (0, 1)? by noticing that a point (z,y), 0 < x,y < 1,
lies on the characteristic curve Cy with
PR Gl )V
((1 —x)/ x)a '

We conclude that

pla,y) = chl(l _ )V g Cint1/en) y=dous
750ut
' / (1 =iy~ rtvengntiver (1 2O oy o) g
’ (1 —2)/z)
o 701’1(1 — g)/erg=(Gint1/er)y —Gou

_(1+60ut)
' /x(l _ Ot (1 BT g gy dt.
0 ((1 — x)/:v)
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Changing the variable in both integrals to

. x(1—1t)

t(1—z)
and rearranging the terms, we obtain (3.7) for 0 < x,y < 1. Now we can extend this formula for
the joint generating function to the boundary of the square [0,1]? by continuity. (|

4. JOINT REGULAR VARIATION OF THE DISTRIBUTION OF IN-DEGREE AND OUT-DEGREE

In this section we analyze the explicit form (3.7) of the joint generating function of the limiting
distribution of in-degree and out-degree obtained in Theorem 1 to prove the nonstandard joint
regular variation of in-degree and out-degree. We also obtain an expression for the density of the
tail measure.

We start by writing the joint generating function in (3.7) as

__7 a
(4.1) oo y) = we@y) + o yea(ny),
with
(4.2) p1(2,y) =ci! / Zm e (g g (1~ x)z)f((sinﬂ) (y+(1- y)za)féout dz,
1
(4.3) pa(w,y) =ci'! / Zm (e (o 4 (1 - m)z)_(sin (y+(1- y)z“)_(&’“tﬂ) dz
1

for 0 < z,y < 1. Each of these functions ¢; is a mixture of a product of negative binomial generating
functions of possibly fractional order. We use the notation Ts(p) for a negative binomial integer
valued random variable with parameters 6 > 0 and p € (0,1) and abbreviate this as NB(d,p). The
generating function of Ts(p) is

EsTP) = (s+(1—s)p™)7°, 0<s<1.
It is well known and elementary to prove by switching to Laplace transforms that as p | 0,

pTs(p) = T's
where I's is a Gamma random variable with distribution Fs(x) and density

e_zﬂfd_l

I'(g) ~
On some probability space we can find nonnegative integer-valued random variables X;, Y}, j =
1,2 such that

Fi(z) = x> 0.

piz,y) = E(@®y"), 0< 2,y <1, j=1,2.
If (I,0) is a random vector with generating function given in (4.1), then we can represent in
distribution (7, O) as

(4.4) (I,0) £ B(1+ X1, Y1) + (1 — B)(Xy, 1+ Y3),
where B is a Bernoulli switching variable independent of X;,Y;, j = 1,2 with
gl

P[B=1]=1-P[B=0]= .
o+
Theorem 2 below shows that each of the random vectors (Xj, Yj), j = 1,2, has a bivariate
regularly varying distribution. The decomposition (4.1) then gives the joint regular variation of
in-degree and out-degree.
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Theorem 2. Let ajy, and agyt be given by (1.4). Then for each j = 1,2 there is a Radon measure
;i on [0,00]%\ {0} such that as h — oo

(4.5) hP((h*l/(a‘“*”Xj, R O ) = w5 (),

on [0,00]2\ {0}. Furthermore, uy and o concentrate on (0,00)% where they have Lebesgue densities
given, respectively, by

(16) i) = (DG + DE @) Syt [T @rtfentimsatn) = (al=ta/2) g
0
and

O B L e A
0

Therefore, a random vector (I, O) with the joint probabilities given by (pi;) in (1.2) satisfies

4. RP( (h=/ (=1 p=1/(a0ou—1) a7 . .
(48) (( , 0) &) mm) + 5 mal)
as h — 0o vaguely in [0,00]%\ {0}.

Proof. Tt is enough to prove (4.5) and (4.6). We treat the case j = 1. The case j = 2 is analogous
and is omitted. 3

Now suppose {Ts,(p), p € (0,1)} and {T5,(p), p € (0,1)} are two independent families of NB
random variables. We can represent the mixture in (4.2) as

(X1, Y1) = (T, +1(Z27 1), T5,,.(Z27%)),

where Z is a Pareto random variable on [1,00) with index 01_1, independent of the NB random
variables. To ease writing, we set 1 = din + 1 and do = Jout.

Define the measure v, on (0, 00] by v.(x,00] = z7¢, = > 0. We claim, as h — oo, in M ((0, oo] x
[0, 00]?),

Z _ _ —ar (-

(4.9) hP[(m, (27T, (27Y), 27T, (2 “))) € } % w1 x P[0y, €] x P[Ts, € -]
To prove this, suppose x > 0 and let g(u,v) be a function bounded and continuous on [0, >]? and
it suffices to show,

(4.10) hE(1[Z/hc1>gc]g(2*1T51 (Zz7Y, Z*GT(;Q(Z*G))) a7 B(g(D, . Ts,))

where I';, and f52 are independent.
Observe as p | 0,

E(g (pTs,(p), p"T5, (Pa))> — E(9(T's,,T5,))
and so, given € > 0, there exists 7 > 0 such that

(4.11) Slip\E(g(pTal (p), p“Ts, (Pa))> — E(9(T5,,Ts,))| <.
p<n
Bound the difference between the LHS and RHS of (4.10) by
’hE(1[Z/hcl>x]g(Z—1T51(Z—l), 27T (27) ) - hE(1[Z/hc1>x]E(g(r5l,f52))‘

+ ’hE(l[Z/hC1>x]E(g(F§17f52)) - xicflE(g(F(h?fﬁQ))’ =A+ B7
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where B = o(1) and is henceforth neglected. Write E%(-) = E(:|Z) for the conditional expectation
and bound A by

(4.12) E(Rlzjner s | EZ9(27 T3, (271), 27T5,(27%) = E(9(Ts,,T,))])-

As soon as h is large enough so that h=“'z~! < 7, (4.12) bounded by
—1
E(hl[Z/hc1>z])e —ex” G .
Let € — 0 and we have verified (4.10) and therefore (4.9).

The next step is to apply a mapping to the convergence in (4.9). Define x : (0, 00] x [0, 00]?
(0,00] x [0,00]? by

x(z, (y1,92)) = (2, (xy1, 2%3)).

This transformation satisfies the compactness condition in (Resnick, 2007, Proposition 5.5, page
141) or the bounded away condition in (Lindskog et al., 2014, Section 2.2) and hence we may apply
X to the convergence in (4.9) which yields in M ((0, 00] x [0, 00]?), as h — o0,

Z  T5(Z7Y) Ts,(Z27%) _
hP[(hcl’( 1h01 ’ ZhCQ )) E'} % <Vcl_1 XP[F51 E'] XP[F52 E']>0X 1(')7
where we used the fact that ac; = c2. (An almost identical argument is in (Lindskog et al., 2014,
Example 3.3) or (Maulik et al., 2002, Corollary 2.1, page 682).)

We must extract from (4.13) the desired convergence in M ([0, 00]? \ {0}),
T5,(Z27") Ts,(Z7) -

D22 28 ) €] S (v x PITsy €] x PTsy € 1) 0 x7H((0,00] x ().
Assuming (4.14), we evaluate the convergence in (4.14) on a set of the form (z,00] x (y, 00| for
x>0,y >0 to get

T51 (Z_l) T52 (
he { her - hez ///(u VW)UV ST, Ul W>Y ;1 (dU)F(Sl (dv)F§2 (dw)

= [ B Bt ).

The right side is the limit measure of the distribution of (Xi,Y7) evaluated on (x,00] x (y, o] for
x > 0, y > 0. Differentiating first with respect to x and then with respect to y yields after some
algebra the limit measure’s density fi(x,y) in (4.6).

To prove that (4.14) can be obtained from (4.13), we need the following result about negative
binomial random variables whose proof is deferred. Suppose Ts(p) is NB(d,p). For any 6 > 0,
k=1,2,... thereis ¢(d, k) € (0,00) such that

(4.15) E(Tg(p))k < e(0,k)pF forall 0 <p< 1.

Suppose g : [0,00]% \ {0} + [0,00) is continuous, bounded by ||g| with compact support in
([0, €] x [0,€])¢ for some € > 0. Using a Slutsky argument (eg. (Resnick, 2007, Theorem 3.5, page
56)), (4.13) implies (4.14) if
0 = lim hmsup)hEl[Z/hcl>x] (Ts,(Z71) /1, T, (Z*) /0 — hEg(Ty,(Z7) /b, T5,(Z7%) /h°2)

x—0

(4.13)

(4.14) hP [(

= lim lim sup hE1z/per <419 (L5, (Z “1y/her Ty, (Z7%)/h2).

=0 500

Keeping in mind the support of g, the previous expectation is bounded by
lgllhP[Z < hoa, [T5, (27 /h > € U[T5, (27 /b > ).
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Bounding the probability of the union by the sum of two probabilities, we show how to deal with
the first since the second is analogous. Then neglecting the factor ||g|| we have

hP[Z < h*a,Ty (Z71)/h > e = hE(1[Z§hC1$]P[T(;l(z—l)/h'fl > 6‘2])

and picking k > ¢;! and using (4.15) we get the bound
<hE(lz<per2)c(01, k) (Z/h)Fe®

=c(61,k)e® / uFhP[Z/h € du]
0

and by Karamata’s theorem or direct calculation, as h — oo we get the limit

—1
G

k — cfl
which converges to 0 as z — 0 as desired.

Finally we verify (4.15). Begin with § = 1 so T}(p) is geometric with success probability p. It is
enough to prove that for some constant C'(k) € (0, 00),

k76171

=c(6y,k)e " x

k—1

(4.16) E(T[T) - ) < Clhp™,

J=0
Differentiating the generating function, we obtain,
k—1

(4.17) E(H(Tl(p) - j)) = k(1 —p)*p* <klp~".
=0

Next, for integer § = 1,2, ..., and independent copies Tm(p), Tm(p), ..., of Th(p) random vari-
ables, we have

k ~ = = k
BE(Ts(p))" =E(Ti1(p) + T12(p) + .. + T15(p))
and applying the ¢, inequality in (Loéve, 1977, p. 157) gives
< 'E(Ti(p)*) < 6 C(k)p*
Finally, for any ¢ > 0,
k k _ _
E(T5(p))" < E(Ti5(p))" < [81"'C(k)p",
proving (4.15) and completing the proof. O

Remark 3. A change of variables in the integrals in (4.6) and (4.7) shows that the random vector
(I,0) is bivariate regular varying with marginal exponents i, — 1 and aout — 1 accordingly, and
with tail measure having density of the form

-1 v/(a+7) Sin, Sous—1 /OO 1/c1+6in+adout ,— (zt+yt®)
T, =c 0in g O0u t 171 0in out o Y dt
f( y) ! F((Sin + 1)F(5out) 4 0

— a/(a+7) Sin—1,8 /Oo —141/c14+6in+adout ,—(wt+yt®)
4.18 +c;! glin~lydoue [ qa C1+0in+adous o= (@tHYL?) gy
(119 UG om0 T,

for 0 < z,y < 1.
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The powers of h used in the scaling functions in (4.5) are, in general, not equal and thus the regular
variation in (4.8) is non-standard. However, as the scaling functions are pure powers, the vector
(I, 0) is standard regularly varying. One can then transform to the familiar polar coordinates. We
consider the alternative transformation (I¢,0) +— (O/I%, I) which gives the immediate conclusion
by Theorem 2 that out-degree is roughly proportional to a power of the in-degree when either degree
is large. We calculate the limiting density of ratio R := O/I* given [ is large.

Corollary 4. Asm — oo, the conditional distribution of the ratio O/I* given that I > m converges
to a distribution Fr on (0, 00) with density

(4.19) Fr(r) = 017% L[ (1) 4 Gar%t (), 7> 0,

where

o0 o0
Li(r) = / $1/e148in+adous o — (t+717) dt, I(r) = / a=141/c148in+adous ,—(t47t?) it
0 0

and
0% a
91 = 9 92 = )
['(0in + DT (0out ) D T'(0in)T (dout + 1) D

with
F(l/Cl + 5in + 1) aF(l/Cl + 5in)
I'(0in +1) ['(6in)

Proof. Let h,, = m®n~!. Notice that for every \ > 0,

D=v

B P (i 701 > 1, 000 (@ =D1) < 2)

PO/ <A1 >m) = o (o 0 > 1)

(v + apz)({(z,9) : x> 1, y/2* < A})
(vi1 + ap2) ({(z,y) : 2> 1})

as m — oo by Theorem 2. The numerator of this ratio can be rewritten as

// f(z,y) dzdy,
z>1,y/ze <\

and the same can be done to the denominator in this ratio. Using the density f in (4.18) and
performing an elementary change of variable shows that the ratio can be written in the form

/0/\ fr(r)dr,

with fr as in (4.19). This completes the proof. O

4.1. Plots, simulation, iteration. For fixed values of (cn, @out), we investigate how the depen-
dence structure of (I,0) in (4.4) depends on the remaining parameters. We generate plots of fr(r)
and the spectral density for various values of the input parameters using the explicit formulae and
compare such plots to histograms obtained by network simulation and iteration of (3.4).
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Density of R at r for aj,=7, 0ou=5 Density of R at r for aj,=5, 0ou=7
© - 0=0.10, y=0.03 -—- 0=0.10, y=0.00
@=0.10, y=0.20 — 0=0.10, y=0.20
a=0.10, y=0.40 2 - - - 0=0.10, y=0.40
- 0=0.10, y=0.60 .-.. 0=0.10, y=0.60
@=0.35, y=0.35 @=0.35, y=0.35
. © @=0.50, y=0.30 _ @=0.50, y=0.30
® s <
o s ©
< <
S S
Il 11
r < - 14
kS 5 X
2 2 °
Z Z
c c
[} [}
[a)] o
N o~
g
o e S 2
T T T T I T T T T T T I
0.1 0.2 0.3 0.4 0.5 0 1 2 3 4 5 6

FIGURE 1. The density fr(r) for (ain,@out) = (7,5) (left) and (cin, aout) = (5,7)
(right) for various values of «, 7.

4.1.1. The distribution of R. We fix two values of (i, Qout), namely (7,5) and (5,7), and then plot
fr(r) for several values of the remaining parameters to see the variety of possible shapes. Since
a+ B+~ =1, fixing values for (a,) also determines 8 and because of (1.4), assuming values for
Qlin, Qout, @, 7y determine values for iy, dout- The density plots are in Figure 1.

Additionally, we employ two numerical strategies based on the convergence of the conditional
distribution of O/I® given I > m as m — co. Strategy 1 simulates a network of 10° nodes using
software provided by James Atwood (University of Massachusetts, Amherst) and then computes the
histogram of O/I® for nodes whose in-degree I exceeds some large threshold m. For the network
simulation illustration, we chose m to be the 99.95% quantile of the in-degrees. Strategy 2 computes
pij on a grid (7, 7) using the recursion given in (3.4) and then estimates the density of O/I* using
only the grid points with 7 larger than m, the m chosen to be the same value as used for the network
simulation.

We observe from Figure 1 that the mode of fr(r) can drift away from the origin depending on
parameter values. So we transform R using the arctan function which gives all plots the same
compact support [0,7/2], instead of an infinite domain as in Figure 1. We compare the density
of R with the histogram based on network simulation and the density approximation provided by
iteration across varying sets of parameter values. The density of arctan R with the plots from
the alternative strategies based on simulation and iteration are displayed in Figure 2 for various
choices of (din, dout), with & = 8 = 0.5 and v = 0. For these parameter choices, the plots of the
theoretical density with those resulting from network simulation and probability iteration are in
good agreement.

4.1.2. Density of the angular measure. A traditional way to describe the asymptotic dependence
structure of a standardized heavy tailed vector is by using the angular measure. We transform
the standardized vector (I*,0) ~ (arctan(O/I%),v/O? + I??) to polar coordinates and then the

distribution of arctan(O/I%) given O% + I?* > m, converges as m — oo to the distribution to a
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alpha_in= 4, alpha_out= 4 alpha_in= 4.5, alpha_out=4
< <
2 ™ > o
2 o iﬁ 2 o
(] ()
© — © —
e 1 1 e 1 1
0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5
arctan(r) arctan(r)
alpha_in= 4, alpha_out=5 alpha_in= 4.5, alpha_out=5
< <
2 ® > ™
2 « 2 «
(] (]
o M o M
°CT T e L B
0.0 0.5 1.0 15 0.0 0.5 1.0 15
arctan(r) arctan(r)
alpha_in= 4, alpha_out= 6 alpha_in= 4.5, alpha_out= 6
< <
2 ® 2 ®
£ £
c N c N
(] (]
® )t * ) il
° 1 1 ° 1 1
0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5
arctan(r) arctan(r)
| simulated O numerical — theoretical

FI1GURE 2. Comparison of the true density with the estimated densities of arctan R
over various values of (aip, Qout)-

random variable ©. The distribution of © is called the angular measure. The density of © can be
calculated from Theorem 2 in a similar fashion as in Corollory 4 and is given by

Sin > - L %_ a o
fo(8) o <-(cos0) ¥+ (sin g) ! / {67 i adons o —Heos ) 4" 5ind gy
in 0

« S 1 o B
+ - (COS 9) Ta 1 (Sll’l Q)JOUt / ta 1+Cl +61n+a60ut e t(COS 9)
60ut 0

1
a

—t®sin 6 dt

Two density approximations for the spectral density using network simulation and numerical
iteration of the p;; are obtained in the same way as in Section 4.1.1. Using the same sets of
parameters values as in Figure 2, we overlay the density approximations with the theoretical density
in Figure 3. The truncation level was the 99.95% percentile of O% 4 I?*. The agreement between
the theoretical and estimated densities is quite good across the range of parameter values used.

The main difference between Figures 2 and 3 is the choice of conditioning set. In the first, I* was
conditioned to be large, while in the second the sum of squares of the in- and out-degrees (12 4 0?)
was conditioned to be large. Since the latter conditioning set is bigger and allows for the case that
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alpha_in=4 , alpha_out=4 alpha_in= 4.5, alpha_out=4
< <
N N
T~ T~
Q Q
T o« h T o«
b T T 1 b T T 1
0.0 0.5 1.0 15 0.0 0.5 1.0 15
Theta Theta
alpha_in=4 , alpha_out=5 alpha_in=4.5, alpha_out=5

density
012 3 4

density
012 3 4

pmm—— 77N

e | e |

AT e

0.0 0.5 1.0 15 0.0 0.5 1.0 15
Theta Theta
alpha_in= 4, alpha_out=6 alpha_in= 4.5, alpha_out=6
< <
2 ° 2 °
T~ T~ | ﬁ
[} [}
T« T«
© 11 ° 11
0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5
Theta Theta
| simulated Od numerical —— theoretical

FiGURE 3. Comparison of the true angular density with estimates for various values
of (aina aout)~

the in-degree is small relative to the out-degree, the density function in a neighborhood 0 will have
less weight in Figure 3 than Figure 2.
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