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Overview

& Simple regret in Gaussian process bandit problem (kernel-based
bandit, Bayesian optimization)

& We prove an O(,/%) simple regret
& That is tight up to logarithmic factors

& We formalize confidence intervals for RKHS elements which may be
of broader interest



Problem Formulation: Setting

Zeroth-order optimization

<& Consider optimization of an objective function f: X - R, X C R?
& From a sequence of n noisy observations {(x;, y;)}",, v = f(z;) + &

& “Zeroth-order” signifies direct observations from f, and not from its
gradient for example

O xf € argmaxey f(x)

& Objective: to get as close as possible to f(z*),



Problem Formulation: Algorithm

Algorithm A

& Consider an algorithm A

¢ Selects a sequence of observation points {z;}",
& Receives noisy observations {y; = f(z;) + €},

¢ Predicts a candidate maximizer i

& Performance of A is measured by simple regret
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Problem Formulation: Regularity Assumptions

& Assumption 1: f € H;, the reproducing kernel Hilbert space (RKHS)
corresponding to a positive definite kernel &

| fll. < B

& Assumption 2: Sub-Gaussian noise with parameter R

vh € R,¥n € N, Ee"] < exp(L2E),

& Assumption 3: Light-tailed noise with parameters hy, &
Vh < ho,Vn € N, E[e"] < exp(i-9), f 0
< hy,Vn € N,Ele""] < exp(-52), Tor some &, >

» We solve the problem under Assumption 1 and (2 or 3)



Surrogate Gaussian Process Model

Mean

() = kT (2, X)) (K(X0, X)) + A2L) Y,

Variance

kn(z,2') = k(x,2') — kT (2, X)) (B(X,, X)) + )\2In)_1 k(z', X,), o(z) = k,(z, )

O k(x, Xy) = [k(x,x1), k(z,29), ..., k(x, x,)]"
O k(X,, X)) = [k(x, 25)]7 -, Is the covariance matrix

S A>010s a real number



Confidence Intervals

Confidence intervals for RKHS elements with sub-Gaussian noise

¢ Provided n observations {X,,,Y,}
& X, independent of £,
O For a fixed x € &,
f(x) < pn(x) + (B + B(8))o,(z), with probability 1 —6

f(x) > pp(z) — (B + B(6))o,(x), with probability 1 -6

B(6) = &4 /2l0g(3)

S| =



Confidence Intervals

Confidence intervals for RKHS elements with light-tailed noise

¢ Provided n observations {X,,,Y,}
& X, independent of £,
O For a fixed x € &,
f(x) < pn(x) + (B + B(8))o,(z), with probability 1 —6

f(x) > pp(z) — (B + B(6))o,(x), with probability 1 -6




Posterior Variance of the GP Model

Proposition: For the posterior variance of the surrogate GP model, we
have

0n(@) = sup sy, <1 (f(2) = Z, (@) F0)* + N|| Zn (@) 2-

O ZT (@) = kT (x, Xn) (k(Xn, Xn) + X21,) .

& maximum prediction error for RKHS elements

& noise variance




Pure Exploration Algorithm
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Maximum variance reduction

Algorithm 1 Maximum Variance Reduction (MVR)

AN A Sl e

Initialization: k, X, f, 03 (z) = k(z, z).

forn=1,2,...,N do
T, = argmax, . ,o-_,(z), where a tie is broken arbitrarily.
Update o2 (.) according to (2).

end for

Update p(.) according to (2).

return £, = argmax, . 4y (), where a tie is broken arbitrarily.

T, = arg maX,cy o-_,(x)



11

Information Gain

& Mutual information between Y, and f

Z(Yy; f) = logdet (In + %k(Xn, Xn))

O Z(Yy: f) ~ effective dimension of the kernel

& Maximal information gain y

Y~ = supx, cx Z(Ya; f)

2

¢ Matérn: 7y =0 (N#‘idaog(zv))ﬁ),
Squared Exponential: vy = O ((log(N))?*1) [Srinivas et al., 2010, Vakili
et al., 2020]
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Simple Regret of MVR

Theorem: Under Assumption 1 and (2 or 3), with probability at least 1 -4

MVR 2yN OB ) 2 e
NS \/log(lﬂ%w ( +603) +5<SC(B+\/N6(25/3N)>de/2>> TN

& Assumption 2: (8) = £, /210g(})

. 0} 1
& Assumption 3: B(6) = §\/2 (é“o % 21}%(3)> log(%)




Simple Regret of MVR
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& Assumption 2:

pMVR O<\/7N logjngd/(?))

& Assumption 3:
rWR =0 ( e log(Nd/é))

<& In the case of Matérn v

VR — O (N9 (log(N)) 777 \/1og(N/0)

VR = O (V2753 (log (V)% log(N/6))
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Sample Complexity

< Define
N, =min{N € N: E[rMR] < vn > N}

& As a result of simple regret we have

Kernel Under Assumption 2 Under Assumption 3

S N-O(Crue)) N = 0((Dlog())

€
4v4d 6v42d

Matérm-u N. = O (1) (log(1)*5%))  Ne = O ((2)2+¥ (log(1) *5*))

< These bounds match the lower bounds given in Scarlett et al. [2017],
up to log factors



Discussion and Open Problem
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¢ Recall our confidence interval width multiplier B + £, /210g(3)

<& Chowdhury and Gopalan [2017]: B+R\/2(%+1+log(%))

¢ That results in O(Z%) regret for typical algorithms such as GP-UCB

and GP-TS (that is not always sublinear)

& Neither confidence intervals imply the other

<& A tight analysis of GP-UCB and GP-TS in the RKHS setting
remains an open problem [Vakili et al., 2021]
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