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Abstract

A general method for the derivation of velocity ®elds consistent with the basic kinematics of the trishear model of fault-

propagation folding is given. We show that the ®elds can be written as explicit functions of position within the deformation
zone. To demonstrate the approach, several di�erent linear and non-linear velocity ®elds are derived and plotted. We show that
the trishear zone need not be symmetric and that the trishear model produces 1/r singular strain rates, consistent with results for

cracks in elastic±plastic materials. A continuous formulation of heterogeneous trishear is also presented. 7 2000 Elsevier Science
Ltd. All rights reserved.

1. Introduction

The trishear model (Erslev, 1991) provides an im-
portant alternative to the better known parallel kink
model (Suppe and Medwede�, 1990) of fault-propa-
gation folding. Erslev and coworkers (Erslev, 1991;
Erslev and Rogers, 1993; Erslev and Mayborn, 1997)
have shown that numerous well-documented structures
of the Rocky Mountain foreland and elsewhere quali-
tatively resemble simple numerical forward models of
trishear geometry. Allmendinger (1998) presented a nu-
merical inverse grid search, providing a quantitative,
scienti®cally objective way of applying trishear to real
structures.

Trishear has been previously presented in both geo-
metric (Erslev, 1991; Erslev and Rogers, 1993) and ap-
proximate velocity-based (Hardy and Ford, 1997)
formulations. In addition, Erslev (1991) brie¯y
describes a method for producing `heterogeneous'
trishear in which strain is more concentrated towards
the center of the trishear zone. All previous papers on
trishear have suggested that the trishear zone must be
symmetric with respect to the fault in order to main-

tain area balance. Hardy and Ford (1997), Allmendin-
ger (1998) and Hardy and McClay (1999) explored the
in¯uence of (P/S ), the ratio of fault tip propagation
speed to slip rate.

Here we present a precise, simple, and generalizable
method for deriving velocity ®elds for the trishear
model. The method is based on requiring that the vel-
ocity ®eld be divergence free (to conserve area). We
show that an in®nite number of potential ®elds can be
found which satisfy the boundary conditions of the
basic trishear model. This permits the derivation of
asymmetric and center-concentrated trishear zones
among a myriad of other possibilities. Although a
mechanical analysis remains to be done, some of our
results are consistent with those from analyses of
cracks in elastic±perfectly plastic material. Eventually,
the approach will enable one to compare the velocity
®elds predicted by mechanical models of trishear-like
deformation to the kinematic model.

2. Velocity ®elds

The basic geometry of the trishear model is shown
in Fig. 1. A triangular zone of shearing with angles j1

and j2, both <908, lies between two rigid zones. The
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footwall is considered stationary, and the hanging wall
moves to the right with speed v0. The fault tip may
move or be stationary. The ratio of the fault propa-
gation speed to slip speed, labeled as (P/S ) in Hardy
and Ford (1997) and Allmendinger (1998), is an im-
portant parameter in determining the ®nal deformation
®eld. The velocity ®eld will be written in vector form
as

v
�
�x, y� � vx�x, y�î� vy�x, y�ĵ �1�
where the x and y axes are parallel and perpendicular
to the fault line, and iÃ, ĵ are the usual unit vectors in
the x and y directions, respectively. The origin of the
co-ordinates is attached to the fault tip.

In the hanging wall sector, v
�
� v0 î, in the footwall

sector v
�
� 0

�
: We now seek to construct a velocity ®eld

in the trishear zone that conserves area, is continuous
and matches the hanging wall and footwall sector vel-
ocities on the top and bottom boundaries of the zone.
The boundary conditions are

vx � v0, vy � 0, on y � x tan j1,

vx � 0, vy � 0, on y � ÿx tan j2 �2�
The condition that area is conserved, or that the ¯ow
is incompressible, is that the divergence of the velocity
®eld is zero, (see for example, Mase and Mase, 1992,
p. 132)

div v
�
� @vx
@x
� @vy
@y
� 0: �3�

The approach will be to choose a vx ®eld consistent
with Eq. (2), then determine the vy ®eld from Eqs. (2)
and (3). Other than satisfying the boundary conditions
and continuity, any reasonable vx ®eld and any combi-

nation of trishear angles can be chosen. Note that Eq.
(3) can be stated in three dimensions for analysing
three-dimensional deformation.

2.1. Symmetric trishear zones

Consistent with the ®elds used by previous authors,
let us start with ®elds for symmetric trishear zones,
j1 � j2 � j: To simplify writing the equations, let m
= tan j. One choice for vx is

vx � v0
2

"
sgn � y�

� jyj
xm

�1
s�1

#
, x > 0,

ÿ xmRyRxm, sr1,

�4�

where sgn ( y ) denotes the sign of y, and s is a par-
ameter that changes the shape of the ®eld. For s = 1
the vx velocity distribution is linear in y, producing a
strain rate that is nearly uniform with respect to y.
This ®eld can be derived from the geometric descrip-
tion of `homogeneous' trishear by Erslev (1991) and is
very similar to the Hardy and Ford (1997) ®eld, which
is nearly linear in y. As s increases, the deformation
concentrates towards the center of the trishear zone,
producing non-uniform strain rates, which appears to
be analogous to Erslev's `heterogeneous' trishear. It
can easily be seen that the above ®eld satis®es the vx
boundary conditions in Eq. (2). To ®nd vy, we di�eren-
tiate Eq. (4) with respect to x, invoke incompressibil-
ity, Eq. (3),

@vy
@y
� ÿ@vx

@x

and integrate with respect to y yielding

vy � v0m

2�1� s�
� jyj
mx

� �1�s�
s �C: �5�

The constant of integration, C, is found by using the
boundary conditions given in Eq. (2). The resulting
velocity ®eld in the trishear zone is

v
�
�x, y� � v0

2

8<:
"

sgn � y�
� jyj
mx

�1
s�1

#
î

� m

1� s

24� jyj
mx

� �1�s�
s ÿ1

35
ĵ

9=;: �6�

When s = 1, the ®eld will be called the `linear ®eld'
(vx linear in y ). Velocity vectors for this case are
plotted in Fig. 2(a) for j=308; for comparison, we
also show the velocity ®eld obtained for a non-linear
®eld, s = 3, in Fig. 2(b). Note that as
y4 ÿ x tan j, vy=vx4 ÿ tan j, i.e. as the boundary

Fig. 1. Geometry of the trishear model showing co-ordinate systems

used in the text. Note that the apical angle of the hanging wall and

footwall trishear boundaries need not be the same. See text for de®-

nition of symbols.
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between the trishear zone and the footwall is
approached, the velocity vectors are parallel to the
boundary.

The advantage of the above construction is that
now an explicit equation for the velocity ®eld as a
function of position (x,y ) with respect to the fault tip
is given. The resulting deformation ®eld is easily calcu-
lated from here by numerical integration. The strain
rates can be explicitly calculated. For example, for s=
1, the shear strain rate is

_gxy �
1

2

�
@vx
@y
� @vy
@x

�
� v0

4xm

�
1ÿ y2

x 2

�
: �7�

Note that the shear strain rate is singular as 1/x, i.e.
the shear strain rate is in®nite as the fault tip is
approached. The 1/x singularity of strain rate is con-
sistent with the strain singularity of a stationary crack
in an elastic±perfectly plastic material (Rice, 1968). It
results geometrically from focusing of the trishear
boundaries to the fault tip and occurs for any trishear
velocity ®eld. When j > 458 there can be regions
within the trishear zone where y > x, and hence by
Eq. (7), _gxy < 0: This does not however produce any
strange looking results once the velocity is integrated
to simulate the deformation.

Note that one can start with other assumptions for
vx and, invoking incompressibility, derive other vel-
ocity ®elds. For example, if instead of allowing an
abrupt change in vx at the top boundary, we assume a
®eld where vx changes smoothly as sin y, the following
®eld can be derived

v
�
�x, y� �

v0

�
1

2
�sin b� 1�î� tan j�cos b� b sin bÿ p=2�ĵ

�
, �8�

where b � b�x, y� � yp
2x tan j : This will be called the

`sine ®eld' (vx varies as sin y ). The above is but one of
an in®nity of ®elds compatible with conservation of
area, Eq. (3), and with the boundary conditions, Eq.
(2), that could be derived.

2.2. Asymmetric trishear zones

If the vx ®eld is linear with respect to y, it can be
shown that the trishear zone must be symmetric. How-
ever, if we allow the vx ®eld to be piecewise linear, i.e.
to consist of one or more connected, linear segments,
that can have di�erent slopes, we can relax the restric-
tion to symmetric ®elds. For example, consider a ®eld
with two segments. To simplify writing the equations
let m1=tan j1, m2=tan j2. We seek to construct a
piecewise linear vx ®eld with one kink, along y = 0,
such that vx=v0 on y=m1x, vx=lv0 on y = 0, and
vx=0 on y=ÿm2x. Such a ®eld can be written in two
pieces, both linear with respect to y, as

vx � v0�1ÿ l�
�

y

m1x
� l

1ÿ l

�
, y > 0

vx � v0l
�

y

m2x
� 1

�
, y < 0: �9a�

Using incompressibility, Eq. (3) and matching the
boundary conditions, Eq. (2),

Fig. 2. (a) Velocity vectors for the symmetric, linear vx ®eld. (b) Velocity vectors for symmetric, non-linear vx ®eld with s=3.
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vy � v0�1ÿ l�m1

2

"�
y

m1x

�2

ÿ1
#
, y > 0

vy � v0lm2

2

"�
y

m2x

�2

ÿ1
#
, y < 0: �9b�

The ®elds must be continuous. Matching the vy ®elds
at y=0 requires that

l � m1

m1 �m2
: �9c�

When the ®eld is symmetric (m1=m2), l=1/2, reco-
vering the linear vx ®eld. In the limit as
m240, l41, meaning that the zone y > 0 slides
rigidly while the zone y < 0 remains stationary. Note
that Eq. (9c) implies that the relative strain rates in the
upper and lower zones cannot be chosen indepen-
dently, they depend on the ratio of m1 to m2. Note
also that on y=0, vy 6�0, i.e. there is a ¯ux of material
across the boundary between the upper and lower
zones. Thus asymmetric trishear does not simply rep-
resent two trishear zones side-by-side.

3. Simulation of deformation

Given the velocity ®eld, the resulting deformation is
easily computed by numerical integration. We intro-
duce two coordinate systems. The (x,y ) system is
attached to the fault tip and convects to the right at
speed (P/S )v0. The (z,Z ) system is stationary. The two
systems start with a common origin and are related at
time t by x � zÿ �P=S �v0t, y � Z, where (P/S )v0t is
the distance the fault tip has propagated. Note that
the velocity ®eld, v

�
� v

�
�x,y�, is given with respect to

the moving coordinate system (x,y ). Thus when vel-
ocity is computed, its arguments in terms of the
stationary coordinate system are �x � zÿ
�P=S �v0t, y � Z�:

Let z
�
� �z,Z� be the current coordinates of a particle.

Using simple numerical integration the coordinates at

time step n + 1 are related to the coordinates at the
previous time step, n, by

z
�
n�1 � z

�
n � v

�

�
zn ÿ

�
P

S

�
v0t, Zn

�
Dt, �10�

with t=nDt

3.1. Symmetric trishear deformation

To visualize the deformation produced by the
trishear model, a set of points, de®ning eight bed tops
was created, then mapped using Eq. (10). In Figs. 3±5
that follow, j=308, ramp angle=458 (the angle
between the fault and the initial bed orientation) and
(P/S )=1.

To prove that the current results are consistent with
previous works, the deformation using the linear vel-
ocity ®eld, s=1 in Eq. (6), is plotted in Fig. 3. The
resulting picture of fault propagation folding is similar
to results shown in Allmendinger (1998) (generated
using the method of Hardy and Ford, 1997) and to
results shown in Erslev (1991). By varying (P/S ), j
and the ramp angle, all of the homogeneous defor-
mation cases demonstrated in Erslev (1991) and All-
mendinger (1998) can be reproduced.

As the parameter s is increased, deformation concen-

Fig. 3. Deformation resulting from linear ®eld, s= 1. Thin lines are

bedding tops and thick lines are the fault and the trishear zone

boundaries. In all of the plots, Figs. 3±6, (P/S )=1, ramp

angle=458. Trishear angle, 2j=608 for Figs. 3±5.

Fig. 4. Deformation resulting from non-linear ®eld, (a) s= 2, (b) s= 3. As s increases, deformation concentrates towards center of the trishear

zone.
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trates towards the center of the trishear zone. This is
shown in Fig. 4 for s=2 and s = 3. For s > 3, essen-
tially all of the slip is concentrated along a narrow,
ductile shear zone in the center of the trishear zone.
Erslev (1991) was not explicit about how his examples
of `heterogeneous' trishear were produced, thus we
cannot compare our method to his.

Fig. 5 shows that the sine ®eld, Eq. (8), produces
results similar to the linear ®eld, but rounds the cor-
ners where material enters the trishear zone. This
suggests that any vx more or less similar to the linear
®eld, Eq. (6), is a reasonably good choice in the
trishear model.

3.2. Asymmetric trishear deformation

Deformation for an asymmetric trishear zone, Eqs.
(9a), (9b) and (9c), is shown in Fig. 6. In this simu-
lation j1=308 and tan j2=1/2 tan j1. The resulting
deformation has a kink along y = 0. Asymmetric
trishear has not been demonstrated by any previous
worker. Note that non-linear versions of the asym-
metric trishear model could be constructed, the lo-
cation of the kink in vx could be varied, or there could
be any number of kinks in vx. However, within these
variations, the ®elds are constrained by the matching
conditions and by div v

�
� 0: In the example given,

there are no free parameters in the velocity ®eld once
m1 and m2 are chosen. However, for more than one
kink, there are (number of kinksÿ1) free parameters in
the velocity ®eld once the kink locations are chosen.
Thus, any velocity ®eld, symmetric or asymmetric, can
be constructed using enough linear velocity sectors. In
the limit as an in®nite number of sectors are taken, a
continuous ®eld is obtained, examples of which are
given in Eqs. (6) and (8). It may be that piecewise lin-
ear ®elds could simulate some of the kink fault-propa-
gation folds described in the literature (Suppe and
Medwede�, 1990).

4. Conclusions

We have shown that the trishear zone need not be
symmetric and that an unlimited number of velocity
®elds can be constructed based on incompressibility,
continuity of the ¯ow and matching of the basic
boundary conditions of the model. All of these ®elds
are `trishear' by the original de®nition of Erslev
(1991): ``distributed, strain-compatible shear in a tri-
angular (in pro®le) shear zone . . . ''. Such ®elds may or
may not correspond to features seen in real structures;
our purpose here is only to show that they can be de-
rived and to provide a general method for doing so.
The deformation resulting from any of these ®elds is
easily computed by numerical integration. Although
the strain rate singularity in the trishear model is con-
sistent with results for a crack in an elastic±plastic ma-
terial, it remains to be seen how consistent these
models are with respect to mechanical models.
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